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Chapter 1. Introduction.

An important aspect of number theory is the study of so-called “Diophantine” equations. These
are (usually) polynomial equations with integral coefficients. The problem is to find the integral
or rational solutions. We will see that even when the original problem involves only ordinary
numbers in Z or in Q one is often led to consider more general numbers, so-called algebraic
numbers. Algebraic Number Theory occupies itself with the study of the rings and fields which
contain algebraic numbers. The introduction of these new numbers is natural and convenient, but
it also introduces new difficulties. In this introduction we follow the historical development of the
subject.

Diophantus of Alexandria lived in Egypt around 300 AD. He was interested in various problems
concerning rational numbers. He wrote 13 books on the subject of which only 6 remain today [15].
Those six books have been copied and translated over the centuries. Until the renaissance, they
were the only available books treating these kind of number theoretical questions. The Pythagorean
equation X2 + Y2 = Z2, long known and studied before Diophantus, is a typical example of the
kind of problems that are discussed in his books. Everyone knows some solutions X,Y,Z € Z of
this equation: one has, for instance 32 + 42 = 52 and 52 + 122 = 132. Diophantus gives a complete
description of the set of solutions X,Y, Z € Z:

Theorem 1.1. Every solution X,Y,Z € Z~o with gcd(X,Y, Z) =1 of the equation

X?+v*=2?
is of the form

X =a>-b%,

Y = 2ab,

Z=a>+b%,

(or with the roles of X and Y reversed) where a,b € Z~q satisfy a > b > 0 and gcd(a,b) = 1.

There is no real restriction in only considering X,Y and Z with ged(X,Y, Z) = 1: when one divides
X,Y,Z by a common divisor, one still has a solution to the equation. Before proving the theorem,
we prove a very important lemma.

Lemma 1.2. Let a,b € Z be two integers with gcd(a,b) = 1. If the product ab is an n-th power
for some positive integer n, then, up to sign, each of a and b is an n-th power.

Proof. This follows from the fact that every non-zero integer can be written as the product of
prime numbers in a unique way: let p be a prime number dividing a. Then p also divides the
product ab. Let r indicate the number of times ab is divisible by p. Since gcd(a,b) = 1, the prime p
does not divide b. Therefore the prime number also divides a exactly r times.

Since ab is an n-th power, we see that r is divisble by n. We conclude that every prime number
divides a a number of times which is divisible by n. Therefore a is, up to sign, an n-th power of an
integer. The same is true for b. This proves the lemma. g

Proof of Theorem 1.1. Tt is very easy to verify that X = a? — b2, Y = 2ab and Z = a2 + b? are
indeed solutions to the equation X2 +Y?2 = Z2. We have to show that every solution has this form.
Let therefore X,Y,Z € Z~q with gcd(X,Y, Z) = 1 satisfy X2 + Y2 = Z2. Since ged(X,Y, Z) = 1,
at least one of X and Y is odd. If both were odd, we had

Z2=X?4Y?=1+4+1=2 (mod 4),
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which is impossible because a square is either 0 or 1 (mod 4). Therefore only one of X and Y is
odd. If necessary we interchange X and Y; then we may assume that X is odd. Then we have

Y\ Z-X Z+X
Y?=27"-X* and (-) = 2R

2 2 2
Note that both (Z — X)/2 and (Z + X)/2 are in Z, since both X and Z are odd. A common
divisor of (Z — X)/2 and (Z + X)/2 would also divide their sum Z and their difference X. Since
X2 +Y? =72 it would therefore also divide Y. Since ged(X,Y, Z) = 1, we conclude that

Z-X Z+X
gcd( + ):1.

2 72
By Lemma 1.2 and the fact that both (Z — X)/2 and (Z + X)/2 are positive we see that

7 —-X 7+ X
5 = a2 and —; =

for some a,b € Zs. Since ged(X,Y,Z) = 1 also ged(a,b) = 1. Adding and subtracting the two
equations one finds that Z = a? + b?> and X = a? — b?; this easily implies that Y = 2ab. Since
X > 0 one has a > b. This proves Theorem 1.1. g

b2

Pierre de Fermat (1601-1665) was a magistrate in Toulouse in France. He was one of the
most famous mathematicians of the 17th century [18]. He contributed to differential calculus and
probability theory. He was the only mathematician of his time to be interested in number theory.
The books of Diophantus were his main source of inspiration, but Fermat went further. Fermat
considered problems that were, in a sense that can be made precise (see Weil [54, Ch. II]), more
difficult than the ones considered by Diophantus. He usually did not publish any proofs, but it is
likely, for instance, that he had a systematic method for solving equations of the type X2 —dY? =1
in integers (d € Zso). His most famous “method” is the method of infinite descent that he used
to solve Diophantine equations: in order to show that no integral solutions of a certain kind exist,
one constructs from a hypothetical solution another solution which is, in some sense, smaller. Since
integers can not be arbitrarily small, this process cannot be repeated indefinitely and one concludes
that there were no solutions to begin with. Even today, Fermat’s method is one of the main tools
in solving Diophantine equations. The following theorem is an example of the use of the method
of infinite descent. It is one of the few proofs published by Fermat himself [18]. See also [24].

Theorem 1.3. (P. de Fermat) The only integral solutions of the equation
Xt+yt=2°
are the trivial ones, i.e., the ones with XY Z = (.

Proof. Suppose X, Y, Z is a non-trivial solution of this equation and let’s suppose this solution is
minimal in the sense that |Z| > 0 is minimal. This is easily seen to imply that ged(X,Y, Z) = 1.
We may and do assume that X,Y,Z > 0. By considering the equation modulo 4, one sees that
precisely one of X and Y is odd. Let’s say that X is odd. By Theorem 1.1 there are integers
a > b >0 with ged(a,b) =1 and

X? =q% -2,
Y? = 2ab,
Z=a>+b?



Consider the first equation X2 + b2 = a?. Since gcd(a,b, X) = 1, we can apply Theorem 1.1 once
more and we obtain

X =c2—d2,
b=2cd,
a:c2+d2,

for certain integers ¢ > d > 0 which satisfy gcd(c, d) = 1. Substituting these expressions for a and b
in the equation Y2 = 2ab above, we find

v\ 2
Y? = 2ab = 2(2cd)(c? + d?) and so (5) =c-d-(*+d?%.
The numbers ¢, d and ¢? 4 d? have no common divisors and their product is a square. By lemma, 1.2

there exist integers U, V, W with

c=U?,
d=V?,
c+dd=w2.

It is easy to see that ged(U,V,W) =1 and that
Ut +vi=w?

We have obtained a new solution of the equation! It is easily checked that W # 0 and that
IW| < W2 =2+ d? =a < a® < |Z|. This contradicts the minimality of |Z|. We conclude that
there are no non-trivial solutions of the equation, as required. O

Fermat made many statements without giving a proof for them. In many cases one is tempted
to believe that he actually possessed proofs, but sometimes this is not so clear. Fermat claimed,
for instance, that it is possible to write a prime number p # 2 as the sum of two squares if and
only if it is congruent to 1 (mod 4). This fact was only proved some 100 years later by Euler
(in 1754). Fermat also stated that every integer is the sum of four squares. This “non inelegens
theorema” (according to Euler), was not proved until 1770 by Lagrange. It is, however, conceivable
that Fermat could prove this.

But Fermat also thought that for £ = 0,1,2,... the numbers

F, =22 11

(nowadays called Fermat numbers) are always prime. It is easily checked that Fy, Fy,...,Fy are
prime indeed, but Euler showed in 1732 that F5 = 4294967297 is divisible by 641. Nowadays one
knows for many values k > 5 that Fj is not prime, and in fact, there is no single value k > 5 for
which F}, is known to be prime. So, Fermat was not always right ...

The most famous claim by Fermat is the statement that for n > 3 the equation

X" 4+Y"=2"

does not admit any non-trivial solutions, i.e., it does not have solutions X, Y, Z € Z with XY Z # 0.
Fermat wrote in the his copy of Diophantus’s book on number theory that he had a wonderful proof
of this fact, but that, unfortunately, the margin was too narrow to contain it:



Cubum autem in duos cubos, aut quadratoquadratum in duos quadratoquadratos et gen-
eraliter nullam in infinitum ultra quadratum potestatem in duos eiusdem nomines fas
est dividere cuius rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas
non caperet.

Sooner or later all of Fermat’s statements were proved or disproved, except—for a very long time—
this last one. It was called “Fermat’s Last Theorem”.
The following is an easy consequence of Theorem 1.3.

Theorem 1.4. Fermat’s Last theorem is true if and only if it for every prime number p # 2, the
equation
XP 4 YP = ZP

only admits trivial solutions, i.e., only solutions X,Y,Z € Z with XY Z = 0.

Proof. If Fermat’s Last Theorem is true, it is in particular true for prime exponents p > 2. To
prove the converse, let n > 3 and let x,y, 2 € Z be a solution to the equation X" + Y™ = Z™. We
distinguish two cases: suppose first that n is divisible by an odd prime number p. Then we have

(xn/p)p + (yn/p)p - (Zn/p)P’

which is a solution to the equation X? + Y? = ZP. So, it should be trivial: (zyz)"/? = 0. This
implies that zyz = 0. If n is not divisible by any odd prime number, then it is a power of 2 and
hence at least 4. We have

(@) ) = )
which is a solution to the equation X* + Y* = Z2. By Theorem 1.3 it should be trivial. This
implies that xyz = 0 as required. g

For a long time, the most important result conerning Fermat’s Last theorem was proved in 1847
by the German mathematician E.E. Kummer (1820-1889). Like Fermat, Kummer employed the
method of infinite descent, but he was led to generalize the method to rings of integers other than Z.
More precisely, let p # 2 be a prime and let ¢, denote a primitive p-th root of unity. Kummer worked
with the ring Z[(,] rather than with the ordinary ring of integers Z. Since X? +1 = Hf:_ol (X +¢),

he could write
p—1

XP+Y?=[[(X+¢Y)=2".
i=0

He proceeded to show that the factors in the product have almost no factors in common and then
he wanted to apply Lemma 1.2 to conclude that up to a unity every factor X + CI’;Y is a p-th
power. He then could conclude the proof in a way which is not relevant here [30]. However, as
Kummer discovered, the property of unique factorizion does not, in general, hold for the rings Z[(,]
and in such a case one cannot apply Lemma 1.2. The first time it fails is for p = 23; it fails,
in fact, for every prime p > 23. Using his theory of ideal numbers [17], out of which our modern
concept of “ideal” was to grow, Kummer circumvened the difficulties caused by the failure of unique
factorization. For the sake of completeness we quote his famous result.



Theorem 1.5. Let p # 2 be a prime. If p does not divide the numerators of the Bernoulli numbers
By, By,...,B,_3, then the equation

XP4YP =77
admits only solutions X,Y,Z € Z with XY Z = 0.

Here the Bernoulli numbers are rational numbers defined by the Taylor series expansion

X By
eX -1 k! ’
k=0

Since X/(eX —1) + X/2 = Zcoth(%) is an even function, we see that By = —1/2 and that the
Bernoulli numbers By, are zero for odd k > 3. The first few are:

1 1 1 1
By=>, Bj=-— = =
2 67 4 307 6 427 8 307
5 691 7 3617
Bio= —, Bia=——-" Biy=~, Bjg=-—-t
10 667 12 27307 14 67 16 510’

They occur in the values of the Riemann (-function at even integers:

Ck)y=>" i _(27.rzk)' By .
n=1 '

See [1] for a table of Bernoulli numbers. From the values of the first few Bernoulli numbers one
deduces that Kummer’s theorem does apply for p = 691 or 3617. The theorem applies for all primes
p < 100 except 37, 59 and 67.

Subsequent numerical calculations concerning Fermat’s Last Theorem have always been based
on Kummer’s Theorem or refinements thereof. In 1992, it had in this way been checked by means
of computers that Fermat’s Last Theorem is correct for all exponents n < 4000000 (see [8]).

In the summer of 1993, the British mathematician Andrew Wiles finally announced a proof
of Fermat’s Last Theorem. His proof employs a variety of sophisticated techniques and builds
on the work of many mathematicians. One of the principal ingredients is the abstract algebraic
geometry developed by A. Grothendieck [22] in the 1960’s, another is the theory of automorphic
forms and representation theory developed by R. Langlands [20]. A third technique is the new
method of “Euler systems” introduced by the Russian mathematician V.B. Kolyvagin [29] in the late
1980’s. Wiles actually proves part of the so-called Shimura-Taniyama-Weil conjecture concerning
the arithmetic of elliptic curves over Q. It had already been shown in 1986 by the Americans
K. Ribet and B. Mazur that this conjecture implies Fermat’s Last Theorem. Their methods depend
on the arithmetic theory of modular curves [45] and like Wiles’s work, on Grothendieck’s algebraic
geometry. A crucial ingredient is an important result by B. Mazur [40], proved in 1976. One can
interpret this result as the simultanuous solution of infinitely many Diophantine equations. Mazur’s
method is Fermat’s method of infinite descent, couched in the language of flat cohomology.

We complete this introduction by illustrating what kinds of problems one encounters when
one introduces other rings of integers when trying to solve Diophantine equations. We will do
calculations in the ring Z[i] of Gaussian integers.



Proposition 1.6. The ring Z[i] of Gaussian integers is a unique factorization domain. The unit
group Z[i]* of this ring is {1, —1,4, —i}.

Proof. By Exercise 1.C, the ring Z[i] is a Euclidean ring with respect to the norm map N: Z[i] — Z
given by N(a + bi) = a® + b? (for a,b € Z). Tt is therefore a principal ideal ring and hence
a unique factorization domain. This proves the first statement. The second statement is just
Exercise 1.B. 0

Theorem 1.7. The only solution X,Y € 7Z of the equation
XP=v?+1
isgiven by X =1 and Y = 0.

Proof. Let X,Y € Z be a solution. If X were even, we would have Y2 = X3 — 1 = —1 (mod 4)
and that is impossible by Exercise 1.A. Therefore X is odd. We write, in the ring Z]

X2 =(Y +4)(Y —i).

A common divisor of Y +¢ and Y — ¢ divides their difference 2¢ and hence 2. This common divisor
also divides the odd number X3 and hence the gcd of X2 and 2, which is 1. We conclude that Y +
and Y — ¢ have no common divisor. By Prop. 1.6, the ring Z[i] is a unique factorization domain
and we can apply a generalization of Lemma 1.2: since the product of Y + ¢ and Y — ¢ is a cube,
each is, up to a unit, itself a cube. Since the unit group of Z[i] has order 4 by Prop. 1.6, every unit
is a cube and we see that, in fact,

Y +i=(a+bi)?

for some a+b € Z. We do not need the analogous equation for Y —i. Equating real and imaginary
parts, we find that
Y =a® — 3ab? and 1=3a’b—b>.

The second relation says that b(3a®> — b?) = 1. Therefore b = 1 and 34> = —1 or b = —1 and
3a2 —1 = —1. Only the second possibility gives rise to a solution of the equation X3 = Y2 +1 viz.,
Y =0 and X =1 as required. 0

Next we consider an altogether similar equation:
X?=Y?+19.

We solve it in a similar way: if X were even, we would have Y2 = X3 —19=0— 19 = 5 (mod 8),
but this is impossible, since odd squares are congruent to 1 (mod 8). If X were divisible by 19, also
Y would be divisible by 19. This implies that 19 = X3 — Y2 is divisble by 192, but that is absurd.
We conclude that X is divisible by neither 19 or 2.

In the ring Z[v/—19] we write

X3 = (Y +V-19)(Y —/—-19).

A common divisor § € Z[v/=19] of Y + /=19 and Y — /=19 divides the difference 2,/—19 and
hence 2 - 19. Since Y2 + 19 = X3, it also divides X 3. Therefore § divides the gcd of X and 2 - 19
which is equal to 1. We conclude that the factors Y 4+ /=19 and ¥ — /=19 have no common
divisor.

By Exercise 1.D, the only units of the ring Z[v/—19] are 1 and —1. By a generalization of
Lemma 1.2, we conclude that, since the product (Y + /—19)(Y — 4/—19) is a cube, each of the
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factors Y ++v/—19 and Y —+/—19 is, up to a sign, itself a cube. Since —1 is itself a cube, this means

that
Y + V=19 = (a + b/—19)3

for some a,b € Z. taking real and imaginary parts we find
V=a®>-3-19ab> and 1=3a%b—190".

It is easy to see that already the second equation b(3a? — 19b2) = 1 has no solutions a,b € Z. As
in the previous example one would now like to conclude that the original equation X2 = Y2 4 19
has no solutions either, but this is not true at all, as is shown by the following equality:

73 =182 4+19.

What went wrong? The problem is that one can only apply Lemma 1.2, or a simple generalization
thereof, if the ring under consideration admits unique factorization. The ring Z[v/—19] does not
have this property:
35=5-7
= (4+v-19)(4 — v-19)

are two distinct factorizations of the number 35 in the ring Z[v/—19]. We check that the factors
are irreducible elements. By Exercise 1.D the norm map

N:Z[V-19] — Z

given by N(a + by/—19) = a? + 1962, is multiplicative. We have N(5) = 25, N(7) = 49 and
N(4 +/—19) = 42 + 19 = 35. If any of these numbers were reducible in the ring Z[v/—19], there
would be elements in this ring of norm 5 or 7. Since the equations a? + 19b? = 5 and a? 4+ 196> =7
have no solutions a,b € Z, there are no such elements. We conclude that the number 35 admits
two genuinely distinct factorizations into irreducible elements. Therefore the ring Z[\/—19] is not a
unique factorization domain. See Exercise 10.J for a proper solution of this Diophantine equation.

In this course we study number fields and their rings of integers. The rings Z[i] and Z[(,] are
examples of such rings. In general, the property of unique factorization does not hold for these rings,
but it can be replaced by a unique factorization property of ideals. This will be shown in Chapter 5.
There we also introduce the classs group, which measures the failing of the unique factorization
property: it is trivial precisely when the ring of integers is a unique factorization domain. In
Chapter 10 we show that the class group is finite and in Chapter 11 we prove Dirichlet’s Unit
Theorem, giving a description of the structure of the unit group of a ring of integers. The main
ingredient in the proofs is Minkowski’s “Geometry of Numbers”. In Chapter 12 we show how one
can apply the theory in explicitly given cases. We discuss three elaborate examples. Finally in
Chapter 13, we compute the residue of the Dedekind (-function and obtain the “class number
formula”.

The present theory is discussed in a great many books. We mention the book by Ono [43],
Stewart and Tall [50] and Samuel [47]. The books by Lang [32], Janusz [28] and Borevi¢ and
Shafarevi¢ [5], cover more or less the same material, but also a great deal more.

Exercises
(1.A) Let z € Z. Show:



(1K)

(1.L)

(i) z?=0or 1 (mod 4);

(ii) > =0,1 or 4 (mod 8).

Let Z[i] = {a+bi]a,b € Z} be the ring of Gaussian integers. let N: Z[i] — Z be the norm map defined
by N(a + bi) = a® + b*. Prove:

(i) N(aB) = N(a)N(B) for a, 8 € Z[i].

(ii) If o, B € Z[i] and « divides § then N(«) divides N(f).

(iii) o is a unit of Z[4] if and only if N(a)) = 1.

(iv) The group Z[i]* is equal to {£1, +i}.

Show that the ring Z[i] is Euclidean with respect to the norm N(a + bi) = a® + b°.

Let Z[v/—19] = Z[X]/(X? 4+ 19). Let N: Z[y/—19] — Z be the norm map defined by N(a + by/=19) =
a’ + 19b%. Show:

() N(ap) = N(@)N(B) for a, # € Z[y=T9].

(ii) If a, B € Z[v/—19] and « divides S then N(a) divides N(5).

(iii) a is a unit of Z[v/—19] if and only if N(a) = 1.

(iv) The group Z[v/—19]" is equal to {£1}.

Show that the ring Z[v/—2] is Euclidean with respect to the norm map N(a + byv/—2) = a® + 2b*
(a,be Z).

Show that the only solutions X,Y € Z of the equation X* +2 =Y are X = £5 and Y = 3. (Hint:
use Exercise 1.E)

Show that the only solutions of the equation Y? +4 = X% are X =5,Y = 41l and X =2,Y = £2.
(Hint: distinguish the cases Y is odd and Y is even. In the second case one should divide by 2i + 2.)
Show that 6 = 2-3 and 6 = (14 +/—5)(1 —v/—5) are two factorizations of 6 into irreducible elements
in the ring Z[v/—5]. Conclude that the ring Z[+/—5] does not admit unique factorization.

Show that the ring Z[(1 4 v/—19)/2] is not Euclidean. We will see in Chapter 10 that it is a unique
factorization domain.

The goal of this exercise is to show that a prime number p # 2 can be written as the sum of two
squares if and only if p = 1 (mod 4). Let p # 2 be a prime number.

(i) Show that if p = a® + b® for certain integers a and b, then p = 1 (mod 4).

Let now p =1 (mod 4). Prove:

(ii) There exists z € Z with |z| < p/2 and 2° + 1 = 0 (mod p).

(iii) The ideal (z — ¢,p) C Z[i] is generated by one element 7.

(iv) N(7) = p. Conclude that p = a* + b* for certain a,b € Z.

Show that a prime number p # 3 can be written as p = a® 4 ab + b? for certain a,b € Z if and only
if p=1 (mod 3).

(Fermat Numbers).

(i) Let n € Zso. Show: if 2" + 1 is prime, then n is a power of 2.

For k > 0 let Fj, = 22" + 1.
(ii) Show that every divisor of F}, is congruent to 1 (mod 2"*1).

(iii) Let & > 2. Show that the square of 2 * + 22 in Z/F,Z is equal to 2.
(iv) Let k > 2. Show that every divisor of F}, is congruent to 1 (mod 2"2).



Chapter 2. Number fields.

In this chapter we discuss number fields. We define the real n-dimensional vector space F' ® R
associated to a number field F' of degree n. We define a homomorphism ®: FF — F ® R which
should be seen as a generalization of the natural map Q — R. At the end of the chapter we discuss
cyclotomic fields.

Definition 2.1. A number field F' is a finite field extension of Q. The dimension of F as a Q-vector
space is called the degree of F. It is denoted by [F' : Q).

Examples of number fields are Q, Q(¢), Q( \4/5), Q( 3, \ﬁ) and Q(\/ﬁ, V1+ \/5), of degrees
1, 2, 4, 6 and 4 respectively. The following theorem says that every number field can be generated
by a single element. This element is by no means unique, though.

Theorem 2.2. (Theorem of the primitive element.) Let F' be a finite extension of Q. Then there
exists a € F such that F = Q(«).

Proof. It suffices to consider the case where F' = Q(a, ). The general case follows by induction.
We must show that there is an element 6 € F' such that Q(«a, ) = Q(0). By choosing an embedding
F — C we may view F' as a subfield of C.

We will take for 6 a suitable linear combination of @ and 8. Let f(T) = f,,(T) the minimum
polynomial of « over Q. Let n = deg(f) and let a = a1, as, ..., a, be the zeroes of f in C. The «;
are all distinct. (Prove yourself that this is true!) Similarly we let ¢(T") = fflin(T) be the minimum
polynomial of 5 over Q. Let m = deg(g) and let 8 = 1, B2,...,Bm be the zeroes of g in C. Since

Q is an infinite field, we can find A € Q* such that

a; —

B — B

A #£ forl<i<nand2<j<m,
or equivalently,
a+ A3 # a; + AB; forl<i<nand2<j<m.

Put
0=a+ N\3.

The polynomials k(1) = f(§ — AT') and g(T) are both in Q(f)[T] and they both have 3 as a zero.
The remaining zeroes of ¢(T') in C are S, ..., By and those of h(T') are (6 — a;)/A for 2 < i < n.
By our choice of A, we have that 3; # (6 —a;)/A forall 1 < i < nand 2 < j < m. Therefore the ged
of h(T) and g(T) in the ring Q(8)[T] is T — B. In particular, T — 3 lies in Q(9)[T]. This implies
that 8 € Q(f) and hence that a = 0 — Ap € Q(0). It follows that Q(a, 3) = Q(0), as required. O

Corollary 2.3. Let F be a finite extension of degree n of Q. Then there are exactly n distinct
field homomorphisms p: F' — C.

Proof. By Theorem 2.2 we can write F' = Q(«) for some a. Let f be the minimum polynomial of
a over Q. A homomorphism ¢ from F' to C induces the identity on QQ (see Exercise 2.D). Therefore
it is determined by the image ¢(a) of a. We have 0 = ¢(f(a)) = f(¢(a)). In other words, ¢(a) is
a zero of f(T). Conversely, every zero 3 € C of f(T') gives rise to a homomorphism ¢: F — C given
by ¢(a) = 3. As the zeroes of f in C are all distinct, there are as many homomorphism F' — C as
the degree n of f, as required. O



Proposition 2.4. Let F' be a number field of degree n over Q. Let wy,...,w, € F. Then
wi,...,w, form a basis for F' as a Q-vector space if and only if det ((p(wi))Lp ; # 0. Here i runs from
1 to n and ¢ runs over all homomorphisms ¢: F — C.

Proof. First of all, note that by Cor. 2.3, the matrix (go(wi))%i is a square matrix! Suppose that
there exists a relation ), \jw; = 0 with A; € Q not all zero. Since p(\) = A for every X € Q, we
see that ), \ip(w;) = 0 for every ¢: F' — C. This implies that det (cp(wi))w =0

To prove the converse, we write F' = Q(«) for some a. Consider the Q-basis 1, a,a?, ..., a" L.
For this basis the the matrix

(o(wi)),; = (p(@)")

is a Vandermonde matrix (see Exercise 2.E) with determinant equal to a product of terms of the
form (p1(a) — p2(a)) with @1 # @a. Since the zeroes ¢(a) € C of the minimum polynomial of «
are all distinct, this determinant is not zero.

So, for the basis 1,a,a?,...,a" ! the theorem is valid. For an arbitrary Q-basis wy,...,wy,
there exists a matrix M € GL, (Q) such that

w1 1
w2
=M
-1
Wy, a”

Applying the homomorphisms ¢: F — C one obtains the following equality of n x n matrices:

(@), ;= M- (p(a)),

and therefore
det((go(wi))%i) = det(M) - det((cp(o/))
as required. This proves the proposition. O

The number field Q admits a unique embedding into the field of complex numbers C. The
image of this embedding is contained in R. In general, a number field F' admits several embeddings
in C, and the images of these embeddings are not necessarily contained in R. We generalize the
embedding ®: Q — R as follows.

Let F be a number field and let o € F be a primitive element, i.e., an element such that
F = Q(a). In other words F = Q[T]/(f(T)) where f(T) denotes the minimum polynomial of a
over Q. Let n =deg(f) =[F : Q. We put

F@R=RT]/(f(T)).

In these notes, F @R is just our notation for the R-algebra R[T]/(f(T')). This algebra is actually the
tensor product of F' over Q with R and this also shows that the construction does not depend on the
choice of c, but we will not use this interpretation. The natural map Q[T/(f(T)) — R[T]/(f(T))
gives us a map

. F— FR.

We compute the ring F' ® R explicitly: Since C is an algebraically closed field, the polynomial
f(T) € Q[T] factors completely over C. Let’s say it has precisely ry real zeroes fi,..., 3, and
ro pairs of complex conjugate zeroes y1,%1, .-, Vrys Yro- We have

r1+2ro =n.

10



The numbers ry and ro depend only on the number field F and not on the choice of . By the
Chinese Remainder Theorem there is an isomorphism

FOR-SR" x C™
given by T — (B1,--+, BrysV1s---+7r)- Ldentifying the spaces F @ R and R™ x C™ by means of
this isomorphism, we obtain an explicit description of the map ® as follows.

Definition 2.5. Let F' be a number field. With the notation above, the map
d:F — R x C

is defined by
(E(‘T) = (()01('7:)7 vy Py ('7’1)7 ()07‘1+1(w)7 sy Prodr (:E))
where the p;: F' — C are determined by ¢;(a) = f3; for 1 < i < r1 and @, 4i(a) =; for 1 < i < ro.
<

For completeness sake we define ¢, 4, +i(a) =7; for 1 < i < ry. The map @ is not canonical:

replacing v; by 4; would give a different map ®. This ambiguity is not important in the sequel.

Example. Let a = v/2 be a zero of T* — 2 € Q[T] and let F = Q(a). The minimum polynomial
of a is T* — 2. It has two real roots ++v/2 and two complex conjugate roots +iv/2. We conclude
that 7y = 2 and ro = 1. The homomorphisms ¢;: F — C are determined by

pr(a) = V2,
p2(a) = —V2,
p3(a) =iV2,
oa(Q) = —iv/?2
The map
O:F > FR=RxRxC
is given by

(I)(.CIJ') = (‘101(33)’902('%')’903(33)) .

Theorem 2.6. Let F' be a number field of degree n.
(i) The map ®: F — F ® R maps a Q-basis of F' to an R-basis of F @ R.
(ii) The map ® is injective.
(iii) The image ®(F') is a dense subset in the vector space F @ R = R™ x C™2, equipped with the
usual Euclidean topology.

Proof. (i) We identify the real vectorspace C with R? by means of the usual correspondence
z +— (Re(2),Im(2)) .

Let wi,...,w, be a Q-basis of F. Then

D(w;) = (...,cpk(wi),...,Re(gol(wi)),lm(cpl(wi)),...) ,

11



where k denotes a “real” index whenever 1 < k < r; and [ denotes a “complex” index whenever
r1+1 <1<+ ro. We put the vectors ®(w;) in an n X n-matrix:

w1 oo pr(w1) ..o Re(gi(wr)) Im(pp(wr))

Wo cee Pk (u}g) e Re(cpl (wg)) Im((pl(wz))
o .| = . : :

Wn, cor @rp(wn) ... Re (<pz (wn)) Im(‘Pl (wn))

The first 1 columns correspond to the homomorphisms ¢g: F' <— R and the remaining 2rs corre-
spond to the real and imaginary parts of the ro non-conjugate homomorphisms ¢;: F' — C. Using
the formula Re(z) = (24 2)/2 and Im(z) = (2 — Z)/2i one sees that the determinant of this matrix
is equal to

(24)7"2 - det (gok ((,uj))]C ;

By Prop. 2.4 its value is different from zero. Therefore the ®(w;) form an R-basis for F @ R.

(ii) Let z € F and ®(x) = 0. This implies, in particular, that ¢;(x) = 0. Since ¢; is a
homomorphism of fields, it is injective and we conclude that x = 0, as required.

(iii) The image of ® is a Q-vector space and it contains an R-basis by part (i). Therefore it is
dense. 0

Example 2.7. (Cyclotomic fields) For any m € Zx; we define the m-th cyclotomic polynomial
®,,(T) € Z[T] in the following inductive manner:

T —1=[] 2u(T).

d|m

Alternatively
q)m(T) — H T — e(?wzk)/m ]
kE(Z/mZ)*
The degree of ®@,,, is ¢(m), where ¢(m) = #(Z/mZ)* is Euler’s p-function. See Exercise 2.K. It is

rather easy to show that ®,, is irreducible over Q when m is a power of a prime number, but the
general case is more delicate. We give the proof here:

Proposition 2.8. The cyclotomic polynomial ®,,(T) is irreducible in Q[T].

Proof. Let ¢(T) € Q[T] be a monic irreducible factor of ®,,(T) and write T™ — 1 = ¢g(T)h(T).
By Gauf’s Lemma, ¢(T") and h(T') are in Z[T]. Suppose « € C is a zero of g. Then « is a zero of
T™ — 1. Let p be a prime not dividing m. Then o? is also a zero of T™ — 1. If g(a®) # 0, then
h(a?) = 0 and therefore g(T') divides h(T®). This implies that g(T") divides h(T')? in the ring F, [T
Let ¢(T") denote an irreducible divisor of ¢(T') in F,[T]. Then ¢(T') divides both ¢(T") and h(T')
modulo p. This implies that 7™ — 1 has a double zero mod p. But this is impossible because the
derivative mT™~1! has, since m #Z 0 (mod p), no zeroes in common with 7™ — 1.

Therefore g(a?) = 0. We conclude that for every prime p not dividing m and every « € C with
f(a) = 0, one has that g(a?) = 0. This implies that g(a*) = 0 for every integer k which is coprime
to m. This shows that ®,,(T") and g(7) have the same zeroes and hence that ®,,(T) = ¢(T) is
irreducible. This proves the proposition. O

We conclude that the cyclotomic fields Q[X]/(®y, (X)) are number fields of degree p(m).
Usually one writes Q((,,,) for these fields; here (,, denotes a zero of ®,,(T), i.e., a primitive m-th
root of unity.

12



Exercises
(2.A) Compute the degrees of the number fields

Q(V2,V=6), Q(V=2,1+23,V=6), and Q(V2+3v3).

(2.B) Find an element a € F = Q(v/3,v/—5) such that F = Q(a).

(2.C) Let p be a prime. Compute the minimum polynomial of a primitive p-th root of unity (,. Show that
Q) : QP =p-1.

(2.D) Let ¢:Q — C be a field homomorphism. Show that ¢(g) = g for every ¢ € Q.

(2.E) (Vandermonde) Let R be a commutative ring and let a1, az2,...,an € R. Show that

1 1 1
(e 5] a9 (677
« a? a?
det 1 2 n = | I (aj — ay)
1<i<j<n
1 1 —
af ay an !

(2.F) Consider the extension L = F, (¥/X, ¥/Y) of the field K = F,(X,Y). Show that the theorem of the
primitive element does not hold in this case. (Why does the argument of 2.2 not work in this case?)
Show that there are infinitely many distinct fields F' with K C F C L.

(2.G) Let K be a finite extension of degree n of a finite field F,. Show:
(i) there exists a € K such that K = F, (a); _
(ii) there are precisely n distinct embeddings ¢;: K — F; which induce the identity map on F,.

2.H) Let F = Q(v/5). Give explicitly the homomorphism ®: F — F @ R as in Definition 2.5.

(2.1) Find a Qbasis for Q(v/2,v/~1) and Q(V/2, ().

2.J) Let F be a number field with r1 > 1, i.e., F' admits an embedding into R. Show that the only roots
of unity in F' are +1.

=

(2.K) Let ®,, denote the m-th cyclotomic polynomial.
(i) Show that

‘I’m(T) _ H (T _ e(?ﬂ'ik)/m) .

k€E(Z/mZ)*
(ii) Show that

& (T)=T —
<I>2(T)=T+1
O3(T) =T +T+1,
Oy (T)=T" +1,
O5(T)=T"+T° + T + T +1,
Os(T) =T —T +1,
() =T +T° +T* +T° + T* + T +1,
CI>8(T)=T +1,
Qo(T)=T° +T° +1,

O1o(T) =T —T* +T> - T + 1.

(iii) Show that ®.,,(T') € Z[T] for every m.
(iv) Show that deg(®n) = ¢(m) where ¢(m) = #(Z/mZ)* denotes the @-function of Euler.
(v) Let ! be a prime and let k¥ > 1. Show that

k-1 k-1 k-1
@ (T) R A G A L C ) & +1.
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Show that ®;x (S + 1) is an Eisenstein polynomial with respect to [. Conclude it is irreducible
over Q.

(2.L) Let m > 1 be an integer. Compute the numbers r; and ry associated to F' = Q({m ) in Def. 2.5.
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Chapter 3. Norms, traces and discriminants.

In this chapter we introduce the characteristic polynomial of an element, its norm and its trace.
We define the discriminant of an n-tuple of elements in a number field of degree n.

Let F' be a number field of degree n and let x € F. Multiplication by x is a Q-linear map
M,: F — F. With respect to a Q-basis of F, one can view M, as an n X n-matrix with rational
coeflicients.

Definition 3.1. Let F' be a number field of degree n and let x € F. The characteristic polynomial
Ea(T) €eQT) of z is
faar(T) = det(T-1d — M,,).
We have f%, (T) = T" + ap—1T"" 1 + -+ + a1T + ao with a; € Q The norm N(z) and the

trace Tr(x) of x are defined by

N(z) = det(M,) = (—-1)"ao,
Tr(x) = Trace(M,) = —a,_1 .

It is immediate from the definitions that Tr(z) and N(x) are rational numbers. They are
well defined, because the characteristic polynomial, the norm and the trace of £ do not depend
on the basis with respect to which the matrix M, has been defined. One should realize that the
characteristic polynomial f%, (T'), and therefore the norm N(z) and the trace Tr(z) depend on the
field F' in which we consider x to be! We don’t write Trp(x) or Ng(z) in order not to make the

notation too cumbersome. The norm and the trace have the following, usual properties:
N(zy) = N(z)N(y)
Tr(x +y) = Tr(z) + Tr(y)
for z,y € F.

Example. Let F = Q(v/2) and let z = v/2 = (v/2)2 € F. We take {1, v/2,v/2, (v/2)%} as a Q-basis
of F. With respect to this basis, the multiplication by x is given by the matrix

00 2 0
0 0 0 2
M, = 10 00
01 00

It is easily verified that the characteristic polynomial of z is f% (T) = T* — 4T? + 4, its norm is
N(x) = 4 and its trace is Tr(x) = 0. If we consider, on the other hand, z = v/2 in F = Q(v/2),
then the characteristic polynomial of x = /2 is f&_ (T) = T? — 2, its norm N(z) = 2 and its trace

har
Tr(z) = 0.

Proposition 3.2. Let F' be a number field of degree n and let x € F.
(i) We have
faa@ = [ (T-¢().
@:F—»C
(ii) We have
¢ (T) = f=. (T)[F:Q(w)] )

char min
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(iii) One has N(z) =], ¢(z) and Tr(z) = 3_, ¢(z), where the product and the sum run over all n
embeddings p: F' — C.

Proof. (i) We have the following commutative diagram:

F 2 RxCe

E [T I—)
F 2 R1xC

where the right vertical arrow is given by multiplication by ¢;(x) on the i-th coordinate of F @R =
R x Cr=.

By Theorem 2.6(i), the image of any Q-basis of F' under ® is an R-basis. When we write the
linear map on the left as a matrix with respect to such a basis, we obtain the matrix M, . Next we
write the map on the right in matrix form. When we do this with respect to the canonical R-basis
of R x C"2, we find a matrix which is diagonal as far as the
the i-th coordinate is “complex”, we identify C with R? via z <+ (Re(z),Im(z)). In this way, the
multiplication by ¢;(x) can be represented by a 2 X 2-matrix

(Serst )

‘real” coordinates are concerned. If

with eigenvalues ¢;(z) and @,,+;(x) = @;(x). Altogether we find an n x n-matrix with eigenvalues
the ¢;(z) for 1 < i < n. Therefore the characteristic polynomial is [[_, (T — ¢;(x)). Since the
characteristic polynomial of M, does not depend on the basis, the result follows.

(ii) Let g(T") € Q[T be an irreducible divisor of f% (T'). We conclude from (i) that ¢(T") has

char
one of the ¢;(x) as a zero. Since g has rational coefficients, we have that

vi(9(z)) = g(pi(x)) =0.

Since ¢; is injective it follows that g(x) = 0. Therefore fZ, divides ¢ and by the irreducibility

of g we conclude that g = f2, .

polynomial, it follows that fZ . (T) is a power of fZ. (7). Finally, the degree of f%  isn = [F : Q]

char char
and the degree of f2, is [Q(x) : Q]. This easily implies (ii).

(iii) This is immediate from (i). O

Since g was an arbitrary irreducible divisor of the characteristic

Next we introduce discriminants.
Definition 3.3. Let F' be a number field of degree n and let wy,ws,...,w, € F. We define the

discriminant A(wy,ws,...,w,) € Q by

A(wr, w2, - .. ,wy) = det (TT(wz'wa')lsi,j@) :

The discriminant depends only on the set {wy,ws,...,w,}, and not on the order of the ele-
ments. The basic properties of discriminants are contained in the following proposition.

Proposition 3.4. Let F' be a number field of degree n and let wy,ws,...,w, € F.
(i) We have

Alwi,wa, ..., wp) = det(go(wi))iw € Q.

(ii) We have A(w1,wa,...,wy) # 0 if and only if wi,ws,...,w, IS a basis for F' as a vector space
over Q.
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(iii) If w} = 2?21 Aijw; with \;; € Q for 1 <i,j < n, then
AW, why .. ywy,) = det()\ij)2 AW, Wy, Wy) -

Proof. (i) The determinant is rational, because its entries are traces of elements in ' and therefore
rational numbers. From Prop. 3.2(iii) one deduces the following equality of n X n matrices:

p1(w1)  w2(w1) .. p1(w1)  p1(w2) .. Tr(w?) Tr(wiws)
p1(w2) pa(w2) ... pa(w1) pa(w2) ... Tr(wiws)  Tr(ws)
e1(ws) wa(ws) .. || w3(w2) @3(wz) ... | T | Tr(wiws) Tr(wsws)

and (i) follows easily.
(ii) Immediate from Prop. 2.4.
(iii) We have the following product of n X n matrices

(Ai,j)i’j : (@j(w;c))j’k = (‘Pi(wk))i,k )
and with this identity (iii) readily follows from (i). O

In the sequel we will calculate several discriminants. Therefore we briefly recall the relation
between discriminants in the sense of Def. 3.3 and discriminants and resultants of polynomials.

Let K be a field, let b,c € K* and let 81, B2,...,8, € K and v1,72,...,7s € K. Put
g =b-[[(T-8) and KT =c-J[(T-).
i=1 i=1

The resultant Res(g,h) of g and h is defined by

S

Res(g,h) =" - JT T1(8i =) = v~ [T 0(B:) - (=1)7°e” - T [ 9(3) -

i=1j=1 j=1

Resultants can be calculated efficiently by means of an algorithm, which is very similar to the
Euclidean algorithm in the polynomial ring K[T]. See Exercise 3.K for details.

Discriminants of polynomials can be expressed in terms of certain resultants. Let a,...,a, €
K. Let f(T) =T]/_1(T — ;) € K[T). The discriminant Disc(f) of f is defined by

Dise(f) = ] (o~ a)”.
1<i<jgn
By differentiating the relation f(7T") = H?Zl(T — ;) and substituting 7 = «; one finds that
f'(ai) = [1}4(ci — a;j) and one deduces easily that

n(n—1)

Disc(f) = (=1)" > - Res(f, f') .
Proposition (3.5). Let F' be a number field of degree n. Let o € F and let f = f§,.. denote its

char
characteristic polynomial. Then

n(n—1) n(n—1)

A(l,a,...,a""") =Disc(f) = (-1)" = N(f'()) = (1) "= Res(f,f").
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Proof. The first equality follows from Prop. 3.4(i) and the Vandermonde determinant in Exer-
cise 2.E. The second follows by differentiating both sides of the equation f(T') = [T;_,(T — ¢;(«)),
substituting ¢;(«) for T' and applying Prop. 3.2(iii). The third equality has just been explained. [

Exercises
(3.A) Let F be a number field of degree n and let x € F. Show that for ¢ € Q C F one has that

Tr(gx) = qTr(z),
Tr(q) = ng,
N(q) =q¢".

Show that the map Tr: FF — Q is surjective. Show that the norm N: F* — Q" is, in general, not
surjective.

(3.B) Let F be a number field of degree n and let @ € F. Show that for ¢ € Q one has that N(g — a) =
fbar(@). Show that for ¢, € Q one has that N(qg — ra) = " f&..(q/r).

(3.C) Let a = {5+ (5! € Q(¢5) where (5 denotes a primitive 5th root of unity. Calculate the characteristic
polynomial of a € Q((5).

(3.D) Prove that Disc(T" — a) = n"a™"". Compute Disc(T” + bT + ¢) and Disc(T* + bT + ¢).

(3.E) Let f(T) =T° —T +1 € Z[T]. Show that f is irreducible. Determine 1,72 and the discriminant
of f.

(3.F) Consider the field Q(v/3,+/5). Compute A(1,+/3,v/5,4/15) and A(1,v/3,v5,v3 + V/5).

(3.G) Let K be a field and let f € K[T]. Show that f has a double zero if and only if Disc(f) = 0. Let

h € Z[T] be a monic polynomial. Show that it has a double zero modulo a prime p if and only if p
divides Disc(f).

(3.H) Let F be a number field of degree n. Let o € F. Show that

A(l, a,..., Oznil) = det((pi.”fz)lgi’jgn) .

Here pj, denotes the power sum ¢1(a)”® + - -+ + ¢, (a)®. The ¢; denote the embeddings F < C.

(3.I) (Newton’s formulas) Let K be a field and let a1,a2,...,a, € K. We define the symmetric func-
tions sy of the a; by

[T =) =T" —siT" " 4 5,772 - 4 (=1)"s,0.
We extend the definition by putting sy = 0 whenever k > n. We define the power sums pi by
n
pk=2af for £ > 0.
i=1

Show that for every k > 1 one has that
(=1)*ksy, = pr — pr—151 + Dh—252 — Dr_353 + -+ - -
In particular
s1=p
—2s5 = P2 — P11
383 = p3 — p251 + p1S2
—454 = p4 — p3S1 + P252 — P153

585:...
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(Hint: Take the logarithmic derivative of [, (1 — a;T).)
(3.J) Show that the polynomial T° 4+ T3 — 2T + 1 € Z[T] is irreducible. Compute its discriminant. (Hint:
use Prop. 3.5)

(3.K) (Resultants) Let K be a field and let a1,...,a, € K. Put g =b[[/_ (T — a;) and let h,h’ € K[T]
be non-zero polynomials of degree s and s’ respectively. Suppose that h = A’ (mod g).
(i) Show that Res(g,h) = (—1)"°Res(h, g).
ii) Show that Res(g,h) = b° Ha,g(a):O h(a).

(

(iii) Show that b* Res(g, h) = b°Res(g, h')

(iv) Using parts (i) and (ii), design an efficient algorithm, similar to the Euclidean algorithm in the
ring K[T], to calculate resultants of polynomials.

(3.L) Let Fy be a finite field with g elements. Let K be a finite extension of F; and let wi,wa,...,wn € K.
Show that the discriminant A(wi, . ..,wn) = det(Tr(wiw;)s,;) is not zero if and only if wi,...,wy is
an [F,-basis for K. Here the definition of the trace Tr(a) of an element o € K is similar to Def. 3.1.
(Hint: copy the proof of Prop. 3.4)

(3.M) For n € Z3 let pu(n) denote the Mdbius function:

u(n) = { (=1)™ when n is squarefree with precisely m prime factors,
0 otherwise.

(i) Let ¢(n) denote Euler’s ¢-function. Prove that for n > 1 one has de du(n/d) = ¢(n).
(ii) Show that
1 ifn=1
a) = { :
dzlz'u( ) 0 otherwise.

(iii) Show that
®,(T) = [J(2? - 1)+

dln

for every integer n > 1.

(3.N) The goal of this exercise is to compute the discriminant of the cyclotomic polynomial ®,,(T).
(i) Let ¢ denote a primitive m-th root of unity. Prove that

oL () J[ @ -nm P =m¢t
d|m,d#m
(Hint: write T™ — 1 = ®,,,(T)G(T), differentiate and put T' = ¢.)
(ii) Show that
II «-v==]1]-v
d|m,d#m plm

where ¢, = ¢™/?; it is a primitive p-th root of unity in Q(¢n ).
(iii) For m > 3 show that

p(m)
Mw@m@»=o4ﬁ“m(——ﬁ—r> .
H =1

plm

(Hint: use Prop. 3.5.)
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Chapter 4. Rings of integers.

In Chapter 2 we have introduced number fields as finite extensions of (. A number field ' admits
a natural embedding @ into the finite dimensional R-algebra F' ® R; this is seen as a generalization
of the embedding Q@ — R. In this chapter we generalize the subring of integers Z of Q: every
number field F' contains a subring O of integral elements.

Definition 4.1. Let F' be a number field. An element x € F' is called integral if there exists a
monic polynomial f(T) € Z[T] with f(xz) = 0. The set of integral elements of F' is denoted by OF.

It is clear that the integrality of an element does not depend on the field F' it contains. An
example of an integral element is i = v/—1, since it is a zero of the monic polynomial 72+ 1 € Z[T.
Every n-th root of unity is integral, since it is a zero of T™ — 1. All ordinary integers n € Z are
integral in this new sense because they are zeroes of the polynomials T — n.

Lemma 4.2. Let F' be a number field and let x € F. The following are equivalent
(i) x is integral.

(ii) The minimum polynomial fZ, (T) of x over Q is in Z[T].
(iii) The characteristic polynomial 3, (T) of x over Q is in Z[T).
(iv) There exists a finitely generated additive subgroup M # 0 of F' such that tM C M.

Proof. (i)= (ii) Let z be integral and let f(7T") € Z[T] be a monic polynomial such that f(z) = 0.

The minimum polynomial fZ. (T') divides f(T') in Q[T]. Since the minimum polynomial of z is

monic, we have that f(T) = g(T)f%,,(T) with ¢(T) € Q[T] monic. By Gau}’s Lemma we have
that both fZ. (T') and g(T) are in Z[T], as required.

(ii)= (iii) This is immediate from Prop. 3.2(ii).

(iii)= (iv) Let n be the degree of f% . (T) =3, a;T". Let M be the additive group generated
by 1,z,22,...,2" 1. The finitely generated group M satisfies M C M because x - =

n—1 _

n—1 =" =

—Qp_1% ...—a1x—ag € M.
(iv)= (i) Let M # 0 be generated by ei,es,..., ey, € F. Since M C M there exist a;; € Z
such that

m
Te; = Zal-jej forall 1 <7< m,
j=1

in other words

ail a2 . A1m €1 €1

a21 a22 ... Q2m €2 €2
=2

Am1  Am2 cee Qmm €m €m

Since M # 0, at least one of the e; is not zero. This implies that det((a;;) — 2 -Id) = 0 and that
the monic polynomial

f(T) = det(T -1d - (a;;) ) € Z[T]

vanishes in x. This proves the lemma. 0
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Proposition 4.3. The set O of integral elements of a number field F' is a subring of F.

Proof. It is easy to see that it suffices to show that = + y and zy are integral whenever x and y are
integral. Let therefore x,y € F be integral. By Lemma 4.2 there exist non-trivial finitely generated
subgroups M7 and My of F, such that My C My and yMs C Ms. Let eq,es,...,¢e be generators
of My and let f1, fo,..., fi, be generators of Ms. Let M3 be the additive subgroup of F' generated
by the products e; f; for 1 < i <l and 1 < j < m. It is easy to see that (z + y)Ms C M3 and that
xyMs C Ms. O

In Chapter 5 we will encounter a more general notion of “integrality”: if R C S is an extension
of commutative rings, then x € S is said to be integral over R, if there exists a monic polynomial
f(T) € R[T] such that f(x) = 0. Integers of rings of number fields are, in this sense, integral
over Z.

In general, it is a difficult problem to determine the ring of integers of a given number field.
According to Thm. 2.2, every number field F' can be written as F = Q(«) for some a € F. A
similar statement for rings of integers is, in general, false: there exist number fields F' such that
Or # Z[a] for any o € Op. For example, the field Q(+v/20) has Z[+/20, v/50] as a ring of integers
and this ring is not of the form Z[a] for any « (see Exercise 9.E). There do, in fact, exist many
number fields F' for which Op is not of the form Z[a] for any «. For instance, it was recently shown
by M.-N. Gras [21], that “most” subfields of the cyclotomic fields have this property.

Number fields of degree 2 are called quadratic number fields. 1t is relatively easy to do com-
putations in these fields. The rings of integers of quadratic fields happen to be generated by one
element only:

Example 4.4. Let F be a quadratic number field. Then
(i) There exists a unique squarefree integer d € Z such that F = Q(v/ d).
(ii) Let d be a squarefree integer. The ring of integers Op of F = Q(v/d) is given by

Or = Z[Vd] ifd =2 or 3 (mod 4),
:Z[1+2\/3] ifd=1 (mod 4).

Proof. (i) For any a € F'\ Q one has that F' = Q(«). The number « is a zero of an irreducible
polynomial f(T) € Q[T] of degree 2 and, it is easy to see that F' = Q(v/d) where d € Q is the
discriminant of f. The field Q(v/d) does not change if we divide or multiply d by squares of non-zero
integers. We conclude that F' = Q(v/d) for some squarefree integer d. The uniqueness of d will be
proved after the proof of part (ii).

(ii) Let @ € F = Q(/d). Then a can be written as o = a + bv/d with a,b € Q. The
characteristic polynomial is given by

[aae(T) =T = 2aT + (a® — db?).

Therefore, a necessary and sufficient condition for & = a 4+ bv/d to be in Op, is that 2a € Z and
a? — db* € Z.

It follows that either a € Z or a € %—1— Z. We write b = u/v with u,v € Z, v # 0 and
ged(u,v) = 1. If a € Z, then b%d € Z. and we see that v? divides u?d. Since ged(u,v) = 1, we
conclude that v? divides d. Since d is squarefree, this implies that v> = 1 and that b € Z. If
a € % + Z, then 4du?/v? € Z. Since ged(u,v) = 1 and d is squarefree this implies that v? divides 4.
Since a € % + Z, we have that b € Z and v? # 1. Therefore v2 = 4 and b € % + Z. Now we have
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that a,b € % + Z, and this together with the fact that a? — db? € Z is easily seen to imply that
(d—1)/4€Z.
We conclude that for d = 1 (mod 4) one has that O = {a + bV/d | a,b € Zorabe s+ 7}
Equivalently, O = Z [H'T‘/E} In the other cases one has that O = Z[\/E]
(i)Pi Tt remains to finish the proof of (i). Suppose F' = Q(v/d) for some squarefree integer d.
The set
{N(z) | # € Op with Tr(z) =0}

is equal to {a2d ‘ a € Z}. This shows that d is determined by Op and hence by F. 0
Next we discuss discriminants of integral elements w1, ...,w, € F.

Proposition 4.5. Let F' be a number field of degree n.
(i) Ifw1,...,wn € Op then A(wr,...,wy) € Z.
(ii) Elements wy,...,w, € Of generate O as an abelian group if and only if 0 # A(wy,...,w,) €
Z has minimal absolute value.
(iii) There exist wy,...,w, € O that generate Op. For any such a set of n generators one has
that Op = Zw1 @ -+ - @ Zwy, = Z". The value of A(wy,...,wy,) is independent of the basis and
only depends on the ring Op.

Proof. (i) Clear, because w;w; € O for all i and j; hence Tr(w;w;) € Z.
(ii) Suppose wi,...,w, generate Or as an abelian group. It follows from Exercise (4.A) that
W1, ... ,wy is then in particular a @Q-basis of F, so A(ws,...,wy) # 0 by Prop. 3.4(ii). If wi,...,w),

is any set of n elements in O then there exist \;; € Z such that w} = Z;.l:l Aijwj. By Prop. 3.4(iii)

?
we have A(wi,...,w)) = det(X\;;)? - A(w,...,wy,). Since det(\;;)? is a positive integer, it follows
that the discriminant A(wy,...,w,) has minimal absolute value.
Conversely, suppose 0 # |A(w1, - ,wn)| is minimal. If wq,...,w, do not generate O as an

abelian group, there exists an element v = ) . A\;w; € O which is not in the group generated
by the w;. This means there is an index j such that A; ¢ Z. Possibly after replacing = by
x + mw; for some m € Z, we may further assume that 0 < A\; < 1. Now let w} := w; for i # j
and wj = x. Using Prop. 3.4(iii) one readily sees that ‘A(w’l,...,wg)‘ = X2 |A(w1,...,wn)|.
Hence ‘A(w'l, .- ,w;l)‘ is integral (by (i)), non-zero, but strictly smaller than |A(w1, .- ,wn)|. This
contradicts our assumptions; hence wy,...,w, generate OFf.

(iii) Take any set {wy,...,w,} C Op for which 0 # |A(wy,...,w,)| is minimal. By (ii), this
last assumption is equivalent to saying that the w; generate Op. In other words: the natural map
v:Z™ — Op given by (mq,...,my) — miws + -+ - + myuw, is surjective. On the other hand, by
Prop. 3.4(ii) {w1,...,w,} is a Q-basis for F, so v is also injective. Hence Op = &7, Zw;.

Any other choice wi, ..., w;, of an integral basis is related to the first choice by w, = 2?21 Aijw;j,
where A = ()\;;) is a matrix in GL,(Z). But then det(A4) = +1 (Exercise (4.M)), so by Prop. 3.4(iii)
we have A(w],...,w}) = Alwy, ..., wy). O

A set of n elements wy,...,w, € Op such that Op = Zw, @ - - - ® Zw,, (as additive groups) is
referred to as an integral basis for Op.

Corollary 4.6. Let F' be a number field with ring of integers Or. Then
(i) Every ideal I # 0 of OF has finite index [Op : I].
(ii) Every ideal I of O is a finitely generated abelian group.
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(iii) Every prime ideal p # 0 of Op is maximal.

Proof. Let I # 0 be an ideal of Op. By Exercise 4.D, the ideal I contains an integer m € Zsy.
Therefore mOp C I. By Prop. 4.5(iii), the additive group of O is isomorphic to Z", where n is
the degree of F. It follows that O /I, being a quotient of O /mOfp = Z"/mZ" is finite.

(ii) Let I be an ideal of Op. Since the statement is trivial when I = 0, we will assume that
I # 0 and choose an integer m € Zsg in I. By (i) the ring Or /mOp is finite and therefore the ideal
I (mod mOpF) can be generated, as an abelian group, by finitely many elements, say, ay,...,qg.
It easily follows that the ideal I is then generated by aq,...,ar and mwy,.. ., mw,, where the w;
are a Z-basis for the ring of integers Of.

(iii) Let p # 0 be a prime ideal of Op. By (i) the ring Op/p is a finite domain. Since finite
domains are fields, it follows that p is a maximal ideal. O

As a consequence of Cor. 4.6, the following definition is now justified:
Definition. Let F' be a number field and let I # 0 be an ideal of the ring of integers O of F'. We
define the norm N(I) of the ideal I by

N(I) = [Op : I] = #(05/I) .

Another application of Prop. 4.5 is the following. Let F' be a number field of degree n and let
wi,...,w, € F. By Prop. 3.4(iii) the discriminant A(wq,ws, .. .,w,) does not depend on wy, ..., wy,,
but merely on the additive group these numbers generate. This justifies the following definition.

Definition. Let F' be a number field of degree n. The discriminant of F' is the discriminant
A(wy,ws,...,wy) of an integral basis wy,ws,...,w, of Op.

Since 1 is a Z-basis for Z, we see that the discriminant of Q is 1. As an example we calculate
the discriminant of a quadratic field.

Example 4.7. Let F be a_quadratic field. By Example 4.4 there exists a unique squarefree
integer d such that F = Q(v/d). If d = 2 or 3 (mod 4), the ring of integers of F is Z[v/d]. We take
{1,V/d} as a Z-base of Op. Then

B Te(1-1)  Te(1-Vd) \ _ 2 0\ _
AQ(ﬂ)_det(Tr(l-\/E) Tr(\/a-\/c_i)>_det(0 2d>—4d.

If d =1 (mod 4), the ring of integers of F' is Z[HT‘/E]. We take {1, 1"'2‘/‘3} as a Z-base of Op. Then

Tr(1-1) Tr(1 . 14Yd) )_ (2 1 )_
A = det = det =d.
Q(Vd) (Tr(l 1+2\/3) Tr(1+2\/3_ 1+2\/3) 1 %

For d = —1 we find that the ring of integers of Q(¢) is the well known ring Z[i] of Gaussian
integers.

For d = —3 we find the ring Z[(1++/—3) /2] of Eisenstein integers. The latter ring is isomorphic
to the ring Z[(3] where (3 denotes a primitive root of unity.

In general, it is rather difficult to calculate the discriminant and the ring of integers of a number
field. We will come back to this problem in Chapter 9. The following proposition often comes in
handy.
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Proposition 4.8. Let F' be a number field of degree n.

(i) Suppose wy,ws,...,w, € Op have the property that A(wy,ws,...,w,) IS a squarefree integer.
Then Op =}, w;Z.

(ii) If there exists a € Op such that the discriminant of f&, (T) is squarefree, then O = Z[c]
and Ap = A(1,q,...,a" 1) = Disc(f2,,).

Proof. (i) It follows from Prop. 3.4(iii) that A(wy,ws, ... ,wy,) = det(M)2-Ap, where M € GLy(Z)

is the matrix expressing the w; in terms of a Z-base of Op. Since det(M)? is the square of an

integer, part (i) follows.

(ii) If we take {wi,...,wn} = {1,a,a?,...,a" 1}, the result in (ii) follows from (i) and the
fact, proved in Prop. 3.5, that A(1,a,...,a""!) = Disc(f2,,)- O

Example. Let a be a zero of the polynomial f(T) = T% — T — 1 € Z[T]. Since f(T) is irreducible
modulo 2, it is irreducible over Q. Put F' = Q(«). By Prop. 3.2(ii) the characteristic polynomial
of « is also equal to f(T"). In order to calculate the discriminant of f, one can employ various
methods. See Exercise 3.K for an efficient algorithm involving resultants of polynomials. Here we
just use the definition of the discriminant. Let us calculate

Tr(1)  Tr(a) Tr(a?)
Al,a,a?) = | Tr(a) Tr(a?) Tr(a?)
Tr(a?) Tr(a®) Tr(a?)

The trace of 1 is 3. The trace of a is equal to —1 times the coefficient at T2 of F(T) and hence
is 0. In general, the traces Tr(a*) are equal to the power sums py, = ¢1(a)* + a(a)* + p3(a)* for
k > 0. Newton’s formulas (see Exercise 3.I) relate these sums to the coefficients s of the minimum
polynomial of a.

In the notation of Exercise 3.1 we have that Tr(a?) = ps = —2s5 +p1s; = —2-(=1) +0=2.
We obtain the other values of Tr(a®) by using the additivity of the trace: since o® = a + 1, we
have Tr(a?) = Tr(a+ 1) =0+ 3 = 3 and Tr(a?) = Tr(a? + a) = 2 + 0 = 2. Therefore

2
3| =-23.
2 3 2

A(l,a,0?) =

By Prop. 4.8 we can now conclude that the ring of integers of Q(«) is Z[a] and that the discriminant
Ag(a) is equal to —23.

Exercises

(4.A) Let F be a number field and let a € F. Show that there exist an integer 0 # m € Z such that
ma € OF.

(4.B) Show that for every number field F' there exists an integral element o € O such that F = Q(«).

(4.C) Let F be a number field. Show that the field of fractions of Op is F.

(4.D) Let F be a number field. Show that every ideal I # 0 of Or contains a non-zero integer m € Z.

(4.E) Let F be a number field and let o € Op. Show that N(a) = £1 if and only if « is a unit of the

ring OF.
(4.F) Let F C K be an extension of number fields. Show that Ox N F' = Or.

(4.G) Let F be a number field. Let r1 be the number of distinct embeddings F' — R and let 2r; be the
number of remaining homomorphisms F' — C. Show that the sign of Ap is (—=1).
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(4.H) Determine the ring of integers and the discriminant of the number field Q(«) where « satisfies
a®+a—-1=0.

(4.I) Let F and K be two quadratic number fields. Show that if Ap = Ak, then FF = K.

(4.J) let d be a negative squarefree integer. Determine the unit group of the ring of integers of the field
Q(Vd).

(4.K) Let R be a commutative ring. An R-algebra A is a ring together with a ring homomorphism R — A.
Alternatively, A is a ring provided with a multiplication R x A — A by elements of R that satisfies

Mz +y) = Az + My,
(A + p)z = Az + pz,

(Aw)z = Apz),
lx = x,

for \,u € R and z,y € A.
(i) Show that the two definitions of an R-algebra are equivalent.
(ii) If R = K is a field, show that a K-algebra is, in particular, a vector space over K.
(iii) Show that every ring has a natural structure of a Z-algebra.
(4.L) Let K be a field.
(i) LetA be a finite dimensional K-algebra (see Exercise 4.K). Show: A is a domain if and only if
it is a field.
(ii) Show that every prime ideal I # 0 of K[X] is also maximal.
(4.M) Let M € GL,(Z) be an invertible matrix. Show that det(M) = +1.

(4.N) Let n > 1 be an integer and let ¢, denote a primitive n-th root of unity. Show that ,, — 1 is a unit
of the ring of integers of Q[(,] if and only if n is not the power of a prime. (Hints: (a) substitute
T=1() in(T" =1)/(T = 1) = [, a1 2a(T); (b) use that 4(1) = pif d > 1 is a power of a
prime number p, see exercise (2.K)(v); (c) use exercises (3.B) and (4.E).)

*(4.0) (Stickelberger, 1923) Let F' be a number field of degree n. Let {w1i,ws2,...,wn} be a Z-basis for
the ring of integers of F'. Let ¢;: FF — C be the embeddings of F' into C. By S, we denote the
symmetric group on n symbols and by A, the normal subgroup of even permutations. We define
At =30 o Il wilwr) and AT =37 o\, TIiL, @i(wr(s)). Prove, using Galois theory, that
AT + A7 and ATA™ are in Z. Conclude that Ap = (AT + A7)?> —4ATA™ is 0 or 1 modulo 4.
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Appendix to chapter 4: Computing the ring of integers and the discriminant.

The purpose of this appendix is to explain how—at least in principle—one can determine the ring
of integers of a number field, and its discriminant. Throughout, we consider a number field F' of
degree n. In the algorithm we consider a Q-basis (,...,83, for F with 3; € Op for all i, and

such that A(By,...,By,) is known. There is an initialization step to bring us into such a situation.
Once we have the (;, we decide whether or not they form an integral basis; if not then we find
new elements 3,..., 3] that are closer to being an integral basis, and with these new elements we

repeat the procedure.

The procedure we describe here is not one that would actually be used by computer packages.
With more techniques one can give faster algorithms. But with the relatively simple techniques
that we have at our disposal at this stage, we arrive at a procedure that works well enough to be
of interest.

Initialization. We assume given a number field F of degree n, in the form F = Q(aq, ..., a,).
Step A: Find a primitive element « € F' using the method as in the proof of Thm. 2.2.

Step B: Find a primitive element « in Op; cf. Exercise (4.B). (If the primitive element o from
Step A is not in O, replace a by ma for a suitably chosen integer m.)

After completing Step B, let f = f&. be the minimum polynomial of a and set 3; := o*~! for
i =1,...,n. Compute the discriminant A(B,...,8,) = A(1,q,...,a”"!) by one of the formulas
given in Prop. 3.5.

Main procedure. We assume given a basis f1,..., B, for F with §; € O for all :. We further
assume that A(S5y,...,B,) is known.

Step 1: Test whether A(By,...,[,) is squarefree. If it is squarefree then fi,..., [, is an integral
basis, Ap = A(fB1,-..,0s), and the procedure stops. If A(Bi,...,05,) is not squarefree, go to
Step 2.

Step 2: Let p run over all prime numbers such that p? divides A(3i,...,8,). For each such p, let
y run over all elements of the form

y=mifr+--+mppn

with m; € {0,1,...,p—1} for all 7 and (mq,...,m,) # (0,...,0). Test if y/p is integral. If you find
an element y such that y/p is integral, go to Step 3. If you do not find any p and any element y such
that y/p is integral then fi,...,[, is an integral basis, Ap = A(f1,..., ), and the procedure
stops.

Step 3: The previous step has produced a prime number p such that p? divides A(By,-..,Bn)
and integers mq,...,m, € {0,1,...,p — 1}, not all zero, such that y/p is integral, where y =
miBy + -+ + mypB,. We are going to modify y such that m; = 1 for some j. If there is already
an index j with m; = 1, go to Step 4. If not, choose an index j such that m; # 0. Take an
integer r such that rm; = 1modp. For ¢ = 1,...,n, let y; € {0,1,...,p — 1} be the unique
element that is congruent to rm; modulo p. Note that, by construction, u; = 1. Now replace y by
wif1+ o+ pnBn-

Step 4: After the previous step we can choose an index j with m; = 1. Now set

;B iti#E g
2 {y/p if i = j.

i =
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By construction the elements fi,..., 3!, are again in Op, and Prop. 3.4(iii) gives that

A(BY,---, B) = (1/p%) - A(Br,- -, Ba)-

Now repeat the procedure with 51,..., 3]

Remark. In practice one can usually considerably speed up the procedure. For instance, sup-
pose we start with an integral primitive element a. Suppose we have a prime p with p? dividing
A(l,a,...,a" 1), and an element y = my + maa + - - - + mpa™ ™! with m; € {0,...,p — 1} such
that y/p is integral. Then it is tempting to see what happens if we replace 1,q,...,a" ! by
L,o!,...,(a/)" "1, where o/ = y/p, rather than replacing one base vector at a time. This may give
a shortcut, though success is not guaranteed.

Also we may use a different initialization than the one described above. This applies if we
already know (or see) some basis f3i,..., 3, that is not necessarily of the form 1,q,...,a""! but
for which we can compute the discriminant.

Correctness of the algorithm. It is clear that the algorithm breaks off after finitely many steps,
because each time we go through the procedure, either the algorithm stops or we arrive at a new
basis f1,..., A}, for which A(B],...,3]) is strictly smaller in absolute value than it was in the
previous round.

All that remains to be shown is the following. If £1,..., 8, is a Q-basis of F' with §; € O for
all 4, and if ZBy + - - - + Zf, is not the full ring of integers O, then there exist:

(a) a prime number p with p2|A(By,-- ., Ba),

(b) integers m; € {0,1,...,p — 1}, not all zero, such that

() (mufs+ -+ +mnBa)/p is integral

To prove this, we use one result from group theory. A proof shall be given in Cor. 7.3. The
result we need is as follows. Consider an n X n matrix A with coefficients in Z. Consider the abelian
group M := Z", and let L := A(M) C M be the image of the linear map M — M described by
the matrix A. Then [M : L] < oo if and only if det(A) # 0, and if this holds then we have
[M : L] = | det(A)].

We choose an integral basis wi,...,w, for Op. Let A = (a;;) be the n x n matrix such that

n

Bj = > aijw; for all j. By Prop. 3.4(iii) we have
A(Bry---yBn) = det(A)? - Ap.

But A(B1,-.-,0n) # 0, because fB1,...,0, is a Q-basis for F; so we have det(A) # 0. The fact
stated above then tells us that L := Zf; + - - - + Zf3,, has finite index equal to | det(A4)| in OF.

Now we have assumed that fq,...,[3, is not yet an integral basis, so |det(A)| > 1. Let p
be any prime number that divides det(A). Note that condition (a) holds for this prime. Further,
p divides the order of the finite group Op/L. By Cauchy’s theorem this group therefore has an
element of order p. If n € Op/L is such an element, then for any representative 7j € Op of the
class 7 we have that 77 ¢ L but pj € L. Therefore we can write 7 = (m{p1 + --- + m,3,)/p for
some integers m; that are not all = 0 mod p. Let m; be the unique integer in {0, 1,...,p — 1} with
m; = m; mod p; note that the m; are not all zero, so (b) holds. Finally, if y = m61 +--- + m,5p
then y/p € 7+ L C Op, so (c) holds.

A final word about Step 3 of the procedure. There we go from an element y to an element g/,
and by construction there is an r € Z with p { r such that ¢y’ € ry + p- L. But then it is clear that
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in fact y' +p- L =ry+p- L, so the classes of y/p and y’/p span the same subgroup of Op/L. In
particular, L' := Z S+ - -+Z/3!, contains L with [L’ : L] = p, and A(B4,...,8.) = A(B1,---, Bn) /P>
This proves the correctness of the algorithm.

Example. Let f := T3 — 3T? + 7T — 45 and define F := Q[T]/(f). Write 8 € F for the class
of T" modulo (f). Note that f is irreducible in Q[T] because it is irreducible modulo 11, so that
[F': Q] = 3 and 3 is a primitive element.

Prop. 3.5 gives that A(1, 3, 3%) = Disc(f) = —N(38% — 68+ 7). Write £ := 382 — 68+ 7, and
compute the matrix of “multiplication by £” with respect to the basis {1, 3, 3%}. E.g., to get the
second column we write

E-B=3B—6B2+T78=96%—-215+135—-683%+ 78 =35% — 148 + 135,

so the coefficients in the second column are 135, —14 and 3. As a result we find that

7 135 135 7 135 0
Disc(f) = —det [ =6 —14 114 | = —det | —6 —14 128
3 3 =5 3 3 -8

and after a little calculation we find that Disc(f) = —43456 = —25.7.97.

Hence the only prime number p with p?|Disc(f) is p = 2. So we start looking for linear
combinations y = ag + a18 + a23? such that y/2 is integral; here a; € {0,1} and (ag, a1, as) #
(0,0,0). Let us try y = 1+ 5. We compute:

(1+8)2%2=1+28+ 45>
(1482 =14+36+3B8%+ (% =46 — 43 + 64>

and with this we readily find that 1 4+ 8 has minimum polynomial 72 — 672 4 167 — 56. Hence

B := (1 + B)/2 has minimum polynomial 72 — 372 + 4T — 7 and is therefore an integral element
which is not in Z + Zj3 + Z 2.
As our new basis we try {1,4’,(5')?}. We have

1 1 0 0 1
g l=(3 1 o)s
@r) A\ 1) \w

and Prop. 3.4(iii) combined with Prop. 3.5 gives that
A(1,B8,(8)2) = (1/8)2 - A(L, B, 6%) = —T-97.

Since this is squarefree, Prop. 4.8 tells us that {1, 3, (8")?} is an integral basis and Ap = —7 - 97.

Example. Consider the field F' = Q(i, \/E), where d is a squarefree integer with d = 1 mod 4.
We readily see that [F : Q] = 4 and that {1,4,V/d,iV/d} is a basis consisting of integral elements.
Rather than first going to a primitive element, we may directly compute A(1,i,v/d,iv/d) with
the aid of Prop. 3.4(i). But before we even begin computing, we see that the chosen basis is not
going to be optimal. Indeed, we know from Example 4.4 that v := % + % d is integral, and we
are better off if we start our computations with the basis {1,4,7,iv}, as Prop. 3.4(iii) gives that

A(Lyd,7y,4y) =27 A(L,i,Vd, iVd).
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Let 7' := 2 — 1v/d. Writing |A| for the determinant of a matrix A, we have

1
2
1 1 1 1
-2 0 —2i
S . Vi -
i i Z, /Z | 0 —Vd —d :_Qi"—i\\//_a Z\\//E_ = —4d.
T T |2ty —ivd -
iy —iy Y —iy
This gives that A(1,4,,47) = 16d2.
In particular, the primes p whose squares divide A(1,14,7,i7y) are p = 2 and the primes divid-
ing d. Given such a prime p, our task is to consider elements

y=m +m2i+m37+m4i7 with (mla"'7m4) e{071""71)_1}4\{<0707070)}7 (*)

and to figure out whether or not y/p is again integral. Even though we only need to consider
coefficients m; € {0,1,...,p — 1}, this seems a lot of work. However, we may remark that F/Q
is a Galois extension with Gal(F/Q) = {id,o, 7,07} = Z/27Z x Z/27Z. Here o and 7 are the
automorphisms given by

ol = —1, 0(@)2\/& and T(i) =1, T(\/E):—\/E.

(So 7(y) =7'.) Of course, the automorphisms of F' over Q map Op into itself.
Given y as above, we have

o(y) = my — mai + mgy — myiy
7(y) = mq + mai + m3zy + maiy'

or(y) = m1 — mai +mgy —myiry’ .

Suppose y/p is integral. Then (y + 7(y))/p = ((2m1 +ms3) + (2m2 + m4)i) /p is integral, too.
Since Z[7] is the ring of integers of Q[¢], we find that 2m; +m3 = 0 mod p and 2ms+ m4 = 0 mod p.
Similarly, (y+o7(y))/p = ((2m1 +ms3) + m4i\/3) /p is integral. Since —d = 3 mod 4, Example 4.4
tells us that Z [z\/ﬂ is the ring of integers of Q[zﬂ = Q[M Hence we find that 2m; + m3 =
0 mod p and m4 = 0 mod p.

For p = 2 the conditions we have found give m3 = m4 = 0 (since 0 < m; < p), so y = mq+mai.
Again using that Z[i] is the ring of integers of Q[i], we find that for p = 2 there are no elements y
as in (%) such that y/2 is integral. If p is an odd prime number the conditions we have found give
ma =my =0, 50 y = my +ma7. Since Z[7] is the ring of integers of Q[y] = Q[v/d] we find that
for odd primes p there are also no elements y as in () such that y/p is integral.

Here the algorithm stops. As output it gives that {1,4,,iv} is an integral basis for O, and
that AF = 400.
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Chapter 5. Dedekind rings.

In this chapter we introduce Dedekind rings (Richard Dedekind, German mathematician, 1831
1916). Rings of integers of number fields are important examples of Dedekind rings. We will show
that the fractional ideals of a Dedekind ring admit unique factorization into prime ideals.

Definition. A commutative ring R is called Noetherian if every sequence
LchLc---CcL,C---

of ideals of R stabilizes, i.e., there is an index iy such that I; = I;, for all © > 1.

Lemma 5.1. Let R be a commutative ring. The following are equivalent:
(i) Every R-ideal is finitely generated.
(ii) R is Noetherian.
(iii) Every non-empty collection §2 of R-ideals contains a maximal element, i.e., an ideal I such
that no ideal J € 2 properly contains I.

Proof. (i)= (ii) Let I C Iy C --- C I; C --- be a sequence of ideals of R. First we note that
the union I := U;>11; is again an ideal of R. Suppose I is generated by a1, ..., ap,. For every ay
there exists an index ¢ such that oy € I;. Writing N for the maximum of the indices i, we see that
ay, € Iy for all k. Therefore I = Iy and the sequence stabilizes.

(ii) = (ili) Suppose 2 is a non-empty collection without maximal elements. Pick I = I; € Q.
Since I; is not maximal, there exists an ideal I € 2 such that I; C I. Similarly, there exists an
ideal I3 € Q such that Iy C I3. In this way we obtain a sequence Iy C Iy C ... C I; C ... that does
not stabilize. This contradicts the fact that R is Noetherian.

(iii) = (i) Let I be an ideal of R and let Q be the collection of ideals J C I which are finitely
generated. Since (0) € Q, we see that Q # () and hence contains a maximal element J. If J # I, we
pick € I'\ J and we see that the ideal J + (x) properly contains J and is in . This contradicts
the maximality of J. We conclude that I = J. O

Many rings that naturally appear in mathematics are Noetherian (Emmy Noether, German
mathematician, 1882-1935). Every principal ideal ring is clearly Noetherian, so fields and the ring Z
are Noetherian rings. According to Exercise 5.A., the quotient ring R/I of a Noetherian ring R is
again Noetherian. Finite products of Noetherian rings are Noetherian. The famous “Basissatz” of
Hilbert (David Hilbert, German mathematician, 1862-1943) says that the polynomial ring R[T] is
Noetherian whenever R is. (Hilbert’s Basissatz can be found in most textbooks on commutative
algebra, e.g. the book by Atiyah and MacDonald.)

Non-Noetherian rings are often very large. For instance, the ring R[X;, X1, X3, ...] of polyno-
mials in countably many variables over a commutative ring R is not Noetherian. But sometimes it
can be rather hard to decide whether a given ring is Noetherian or not.

Definition. Let R C S be an extension of commutative rings. An element x € S is called integral
over R, if there exists a monic polynomial f(T) € R[T] with f(z) = 0. A domain R is called
integrally closed if every integral element in the field of fractions of R is contained in R.

Using this terminology, one can say that the integers of number fields are, in fact, integers
over Z. Let F be a number field. We will see in Chapter 6 that the ring of integers in F is
integrally closed. Other examples of integrally closed rings are provided by Exercise 5.D: every
unique factorization domain is integrally closed. The ring Z[2i] is not integrally closed: the element ¢
is contained in its quotient field Q() but it is integral over Z and hence over Z[i].
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Definition. Let R be a commutative ring. The height of a prime ideal p of R is the supremum of
the integers n for which there exists a chain

p=poCpP1Cp2C---Cp, CR

of distinct prime ideals in R. The Krull dimension of a ring is the supremum of the heights of the
prime ideals of R.

For example, a field has Krull dimension 0 and the ring Z has Krull dimension 1 (Wolfgang
Krull, German mathematician, 1899-1970). In general, principal ideal rings that are not fields,
have dimension 1. It is easy to show that for every field K, the ring of polynomials K[X1,...,X,]
has dimension at least n (and in fact, Kdim(R) = n). The notion of (Krull) dimension has its
origin in algebraic geometry: the ring of regular functions on an affine variety of dimension n over
a field K has Krull dimension equal to n.

Definition. A Dedekind ring is a Noetherian, integrally closed domain of dimension at most 1.

By Exercise 5.H, every principal ideal domain R is a Dedekind ring. Its dimension is 0 if R is a
field and 1 otherwise. Not all Dedekind rings are principal ideal domains. In the next section we
will prove that rings of integers of number fields are Dedekind rings.

Definition. Let R be a Dedekind ring with field of fractions K. A fractional ideal of R (or K) is
an additive subgroup I C K for which there exists a € K such that ol is a non-zero ideal of R.

Proposition 5.2. Let R be a Dedekind ring with field of fractions K. Then
(i) Every non-zero ideal of R is a fractional ideal. A fractional ideal contained in R is an ideal

of R.

(ii) If I and J are fractional ideals, then I.J := {Zfoo ;B | o; € 1,0; € J} is again a fractional
ideal.

(iii) For every a € K* the set (a) = aR = {ar | r € R} is a fractional ideal. Such a fractional
ideal is called a principal fractional ideal.

(iv) For every fractional ideal I, the set I7' = {a € K | oI C R} is a fractional ideal.

Proof. (i) The first statement is obvious. If I C R is a fractional ideal, then af is an ideal for
some o € K*. It is straightforward to verify that this implies that already [ is an ideal.

(ii) If oI C R and SJ € R then afBIJ C R.

(iii) This follows from the fact that a=!(a) = R.

(iv) Let a # 0 be any element of I. Then oI~ C R is an ideal. O

Theorem 5.3. Let R be a Dedekind ring and let Id(R) be the set of fractional ideals of R. Then
(i) Theset Id(R) is, with the multiplication of Prop. 5.2(ii), an abelian group. The neutral element
is R and the inverse of a fractional ideal I is 1.
(ii) We have

1d(R) = & 7Z
p

where p runs over the non-zero prime ideals of R. More precisely: every fractional ideal can
be written, in a unique way, as a finite product of prime ideals (with exponents in 7).

Proof. Since the theorem is trivial when R is a field, we will suppose that R is not a field. We
suppose, in other words, that R has Krull dimension 1.

(i) We observe that the multiplication defined in Prop. 5.2(ii) is associative and commutative
since the multiplication in R is. It is very easy to verify that RI = I for every fractional ideal I.
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In step (4) of the proof of part (ii) we show that for every fractional ideal I, its inverse is given
by I71.

(ii) The proof is given in six steps:
(1) Every non-zero ideal of R contains a product of non-zero prime ideals of R.

Suppose that there exists an ideal that does not contain a product of non-zero prime ideals.
So, the collection €2 of such ideals is not empty. Since R is Noetherian, we can, by Lemma 5.1, find
an ideal I € Q such that every ideal J that properly contains I is not in Q. Clearly I is not prime
itself. Therefore there exist z,y ¢ I such that xy € I. The ideals I + (x) and I + (y) are strictly
larger than I and hence contain a product of non-zero prime ideals. Say p;---p, C I + (z) and
pi---pl C I+ (y). Now we have py---p.pi -+ p, C (I+(2))(I+ (y)) C I, contradicting the fact
that I € Q.

(2) For every ideal I with 0 # I # R one has that R C I~ 1.

Let m be a maximal ideal with I C m C R. Since I=! D m~! D R~! = R it suffices to prove
the statement for I = m a maximal ideal. Let 0 # a € m. By part (i) there exist prime ideals
p; such that py---p, C (a). Let us assume that the number of prime ideals r in this product is
minimal. Since m itself is a prime ideal, one of the primes p;, say pi1, is contained in m. Sinds R
has Krull dimension 1, we conclude that p; = m. By minimality of r we see that ps---p, ¢ (a) and
we can pick b € pg -+ p, with b ¢ (a). So, b/a ¢ R, but b/a € m~! because bm C py---p,m C (a).
This proves (2).

(3) mm~! = R for every maximal ideal m C R.

Since R C m™! we have that m C mm~! C R. Suppose we had m = mm™1.

rem!
is integral over R. Since R is integrally closed this would imply that m~! C R, contradicting the
conclusion of step (2). We conclude that m # mm~! and hence that mm™!

(4) IT=! = R for every fractional ideal I.

By definition, a fractional ideal is of the form I = b.J for some b € K* and some non-zero ideal
J C R. One readily sees that 7=! = b~'J~!, and therefore II~! = JJ~1. So it suffices to prove
the assertion in case I C R.

Then every
satisfies xm C m. Since m is finitely generated over R, it follows from Exercise 5.F that x

= R, as required.

Suppose there exist non-zero ideals I with II~! # R. Choose an I which is maximal with
respect to this property. Let m be a maximal ideal containing I. Since R C m~!, we have that
I cIm™! cm™ C R Wesee that Im~! is an ideal of R. If we had Im~! = I, then by the
same argument as in step (3) m~! would be integral, which is not the case. Hence Im~1! is strictly
larger than I. Therefore Im~!(Im~1)~! = R. This implies that m~!(Im=!)=! C I71, so we get

R=Im !(Im™ 1)~ Cc II7! C R. Hence IT~! = R, contradicting our choice of I. This proves (4).
(5) Every fractional ideal is a product of prime ideals with exponents in Z.

Suppose I C R is an ideal which cannot be written as a product of prime ideals. Suppose
that I is maximal with respect to this property. Let m be a maximal ideal I C m C R. Then
I C Im~! C R. By the same argument as in step (3) we see that m~! ¢ R implies that Im~! # I;
hence Im™! is strictly larger than I. So Im~1!
m, so is I. This contradiction shows that every integral ideal I C R is a product of prime ideals.
By definition, every fractional ideal is of the form a='I where o € R and T is an ideal of R. We

is a product of primes and therefore, multiplying by

conclude that every fractional ideal is a product of prime ideals, with exponents in Z.

(6) The decomposition into prime ideals is unique.
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Suppose [[p™* = R with ny, # 0. This gives us a relation Ip = J where I and J are ideals in
R and J is a product of primes different from p. However, since p is prime we have that J C p and
therefore p contains a non-zero prime ideal different from itself. This is impossible. The proof of
Theorem 5.3 is now complete. O

It is easy to see that the ideals of R are precisely the fractional ideals that have a prime ideal
decomposition [ p"* with non-negative exponents. When R is a Dedekind ring, p C R is a non-zero
prime ideal, and [ is a fractional ideal, we denote by

ordy ()
the exponent n, of p in the prime decomposition of I. For x € F* we denote by
ordy(x)

the exponent ord, ((:Jc)) occuring in the prime decomposition of the principal fractional ideal (x).
The following corollary is a generalization of the important Lemma 1.2 used in the introduction.

Corollary 5.4. Let R be a Dedekind domain, let N € Z~ and let I, I, ..., I,, be non-zero ideals
of R which are mutually coprime, i.e., I; + I; = R whenever i # j. If

LIy I, =JN
for some ideal J C R, then there exists for every 1 < ¢ < m an ideal J; such that JiN = I.

Proof. By Theorem 5.3 we can decompose the ideals I; into a product of distinct prime ideals p; ;,

say
ni
Ii= ] vl
j=1
Then .
m i
LI I =[] [ ps% =7V
1=1j=1

Since the ideals I; are mutually coprime, all the prime ideals ideals p; ; are distinct. By Theorem 5.3,
the group of fractional ideals is a sum of copies of Z. We conclude that all the exponents e; ; are
divisible by IV and hence that the ideals I; are N-th powers of ideals, as required. O

Definition. Let R be a Dedekind ring with field of fractions K. We define a map
0: K* — 1d(R)

by 8(a) = («). The image of 6 is the subgroup PId(R) of principal fractional ideals and the kernel
of 6 is precisely the group of units R* of R. The cokernel of 8 is called the class group of R:

Cl(R) = coker(f) = Id(R)/PId(R) .
In other words, there is an exact sequence
0 — R* — F* -5 1d(R) — CI(R) — 0.

The class group of a Dedekind ring measures how far R is from being a principal ideal domain.
Fields and, more generally, principal ideal domains have trivial class groups. The analogue of the
class group in algebraic geometry is the Picard group. For a smooth algebraic curve this is the
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group of divisors modulo its subgroup of principal divisors. One can show [11], that every abelian
group is isomorphic to the class group Cl(R) of some Dedekind domain R. In Chapter 10 we show
that the class groups of rings of integers of number fields are always finite.

Proposition 5.5. let R be a Dedekind ring. The following are equivalent:
(i) The class group Cl(R) is trivial.

(ii) Every fractional ideal of R is principal.

(iii) R is a principal ideal domain.

(iv) R is a unique factorization domain.

Proof. The implications (i) = (ii) = (iii) = (iv) are easy or standard. To prove that (iv) = (i) we
first note that by Theorem 5.3 it suffices to show that every prime ideal is principal. Let, therefore,
p be a non-zero prime ideal and let 0 # = € p. Writing = as a product of irreducible elements and
observing that p is prime, we see that p contains an irreducible element 7. The ideal (7) is a prime
ideal. Since the ring R is a Dedekind ring, it has Krull dimension 1 and we conclude that p = ()
and hence that p is principal, as required. [l

This completes our discussion of Dedekind rings in general. In the next section we apply our
results to a special class of Dedekind rings: rings of integers of number fields.

Exercises
(5.A) If R is a Noetherian ring then for every ideal I C R, the ring R/I is also Noetherian.

(5.B) Let R be a Noetherian ring. Show, without invoking the Axiom of Choice, that every ideal is
contained in a maximal ideal.

(5.C) Consider the ring C*°(R) = {f:R — R|f is a C°°-function}. Is this ring Noetherian?
(5.D) Show that every unique factorization domain is integrally closed.

(5.E) Let R be an integrally closed domain and let f € R[X] be a monic irreducible polynomial. Show
that f(T) is irreducible over K, the field of fractions of R.

(5.F) Show: let R C S be an extension of commutative rings. Then an element = € S is integral over R if

and only if there exists an R-module M of finite type such that zM C M. (Hint: Copy the proof of
Lemma 4.2).

(5.G) Consider the properties “Noetherian”, “integrally closed” and “of Krull dimension 1” that charac-
terize Dedekind domains. Give examples of rings that have two of these properties, but not the
third.

H) Prove that every principal ideal domain is a Dedekind domain.

(5.I) Let I and J be two fractional ideals of a Dedekind domain.
(i) Show that I N J and I + J are fractional ideals.
(ii) Show that I™'+J ' =(InJ) tand that I"'NJ~ ' =+ J)".
(iii) Show that I C J if and only if J=* C I™1.

(5.J) Let R be a Dedekind ring. Show:
(i) for @ € R and a fractional ideal I one has that oI C I.
(ii) every fractional ideal I is of the form m 'J where m € Z and J is an ideal of R.
(iii) if I = () is a principal fractional ideal, then I ™' = (z').

(5.K) Let I and J be fractional ideals of a Dedekind domain R. Let n, and m, be the exponents in their
respective prime decompositions. Show that I C J < n, > m, for all primes p.

(5.L) Let R be a Dedekind ring with only finitely many prime ideals. Show that R is a principal ideal
ring. (Hint: Use the Chinese Remainder Theorem)

(5.M) Show that in a Dedekind ring every ideal can be generated by at most two elements.
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(5.N) Let R be a Dedekind ring. Show that every class in Cl(R) contains an ideal of R.

(5.0) Let R be a Dedekind ring with field of fractions K. Let S be a set of prime ideals of R. Let R’ C K
be the subset defined by

R ={zeK"|(x)=[,p"™ withn, >0 forall p ¢ S}U{0}.

Show that R’ is a Dedekind ring.

(5.P) Let R be a Dedekind ring and let p and p’ be two different non-zero prime ideals of R. Then
p+p =R

(5.Q) Let R < S be an extension of Dedekind domains. Show that, if S is an R-module of finite type, the
canonical map Id(R) — Id(S) is injective.
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Chapter 6. The Dedekind (-function.

In this chapter we prove that the ring of integers of a number field is a Dedekind ring. We introduce
the Dedekind (-function associated to a number field.

Proposition 6.1. Let F' be a number field. Then the ring of integers Of of F' is a Dedekind ring.

Proof. By Cor. 4.6(ii), every ideal of O is a finitely generated abelian group. From Lemma 5.1
we conclude that Op is a Noetherian ring. By Cor. 4.6(iii) every non-zero prime ideal is maximal.
This implies that the Krull dimension of O is at most 1.

It remains to be shown that Op is integrally closed. So, suppose z € F' is integral over Op,
which means that it satisfies an equation ™ + a,,—12™ 1 + --- + a1x + ag = 0, where the coeffi-
cients a; are in Op. We want to show that x € Op. Let wy,...,w, be an integral basis for Op.
Let M C F be the abelian subgroup generated by the elements

wi-xj withl<i<nand 0 j<m—1

By construction, M is # 0 and finitely generated as a Z-module. By Lemma 4.2 it therefore suffices
to show that tM C M. For this we only need to verify that w;x™ € M for every i. But this is
clear from the relation 2™ = —(ag+ a1z + - - + a;y—12™ ') and the fact that all coefficients a; are
in OF. O

Proposition 6.2. Let F' be a number field and let I and J be non-zero ideals of its ring of
integers Op. Then N(IJ) = N(I)N(J).

Proof. By Theorem 5.3 it suffices to prove that for every non-zero prime ideal p C O we have
N(Ip) = N(I)N(p).
From the exact sequence
0—I/Ip — R/Ip — R/I — 0

we deduce that all we have to show, is that #(I/Ip) = #(R/p). The group I/Ip is a vector space
over the field R/p. By Theorem 5.3 one has I # Ip, so I/Ip # (0). Let W be a subspace of I/Ip.
The inverse image of W in I is an ideal J C R with Ip C J C I. This implies that p C JI"! C R
and hence that JI=! = p or JI™! = R. In other words J = Ip or J = I and hence W = 0 or
W = 1/IM. So, apparently the vector space I/Ip has only trivial subspaces. It follows that its
dimension is one. This proves the proposition. O

Definition 6.3. Let F be a number field and let I be a fractional ideal of F. Suppose I = JK™1,
where J and K are two ideals of Op. We define the norm N (I) of I by

N(I) = N(J)/N(K).

We can write a fractional ideal I in more than one way as the quotient of two ideals J and K. By
Prop. 6.2, the norm N(I) is independent of the choice of J and K, i.e., only depends on I itself.
The next proposition is an application of the multiplicativity of the norm map.
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Proposition 6.4. Let F' be a number field of degree n.
(i) For every non-zero prime ideal p C Op there exists a unique prime number p such that p
divides p. The norm of p is a power of p.
(ii) Let pS' -...-pg° be the prime decomposition of the ideal generated by p in Or. Then

9

Zeifi =n

=1

where for every i the number f; is defined by N(p;) = p/i.
(iii) For every prime number p there are at most n distinct prime ideals of Op dividing p.
(iv) There are only finitely many ideals with bounded norm.

Proof. (i) Let p be a prime ideal. By Exercise 4.A there exists an integer m # 0 in p. Since p is a
prime ideal, it follows that p contains a prime number p. So p divides p and by Prop. 6.2 the norm
N(p) divides N(p) = p". Moreover, as N(p) > 1 there cannot be two different prime numbers p
for which the previous conclusions hold.

(ii) This follows at once from the multiplicativity of the norm, by taking the norm of the prime
decomposition of (p) in Op.

(iii) This is immediate from (ii)

(iv) This follows from Theorem 5.3 and (iii). O

The number f; is called the inertia index and e; is called the ramification indezx of the prime
ideal p;. We will see in Chapter 9 that for almost all p;, the index e; is equal to 1. The prime
ideals p; for which e; > 1 are called ramified. If for a prime p and a number field F' of degree n one
has exactly n primes p; that divide p, each necessarily having e; = f; = 1, then we say that p is
totally split in F'. In this case the primes p; all have norm p. At the other extreme it may be the
case that there is only one prime ideal p dividing p. If, in this case f; = 1, then e; = n and we say
that p is totally ramified in F over Q. If, on the other hand, e; = 1 and f; = n, we say that the
prime p remains prime or is inert in F'; note that in this case p = (p).

Example 6.5. Let F' = Q(v/—5). By Example 4.4 the ring of integers of F is equal to Z[y/—5].
We will factor some small prime numbers into prime ideals.

First we study the prime 2. Since Op/(2) = Z[T]/(2,T?+5) = F2[T]/((T+1)?) is not a domain,
the ideal (2) is not prime in Op. The reciprocal image of the ideal (T + 1) C Fo[T]/((T + 1)?)
under the quotient map Or — Op/(2) is p2 = (2,1 + +/=5). It is easily checked that p2 = (2).
This is the decomposition of (2) as a product of prime ideals of Op. We see that 2 is ramified.

The ideal po cannot be generated by 1 element only: suppose ps = (a) where a = a + by/=5
with a,b € Z. Then «a divides both 2 and 1 + /=5. By the multiplicativity of the norm, this
means that N(a) divides both N(2) = 4 and N(1 + v/=5) = 6. Therefore N(a) = 1 or 2. If
N(a) = 1, the element a would be a unit of Op, which is impossible since py has index 2 in Op.
So N(a) = a? + 5b? = 2. But this equation has no solutions with a,b € Z.

Next consider the ideal (3) C Op. Since Op/(3) = Z[T/(3,T? + 5) = F3[T/((T + 1)( 1))
is not a domain, we see that (3) is not prime. In fact, the reciprocal images of the 1deals (T +1)
and (T — 1) are prime ideals that divide (3). We let p3 = (3,14 +/=5) and pj = (3, -1 ++/-5)
denote these ideals. Neither p3 nor p4 are principal ideals. One verifies easily that (3) = psp4 which
gives us the prime decomposition of (3) in Op. We find that the prime 3 is totally split in F'.

One checks that 7 decomposes in a way similar to 3. The prime 11 remains prime since
Or/(11) = F1[T]/(T? + 5) and the polynomial 72 + 5 is irreducible modulo 11. Hence the
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prime 11 is inert in F. The decomposition of the prime numbers less than or equal to 11 is given in
the following table:

Table.
p (p)
2 p3 =(2,1+V=5)
3 paps p3:(, ++/=5) and p3 = (3,1 — /=5)
) pz | ps = (V-H)
7 prp’h pr = (7,34 +/=5) and p}, = (7, -3+ /=5)
11 (11) 11 is inert.

The number 6 has in the ring Z[v/—5] two distinct factorizations into irreducible elements:
6=2-3,
=1+v-5)(1-v-5).

The factors have norms 4, 9, 6 and 6 respectively. They are irreducible, for if they were not, their
divisors would necessarily have norm 2 or 3. But, as we have seen above, this is impossible because,
for trivial reasons, the Diophantine equations a?+5b? = 2 and a?+5b% = 3 do not have any solutions
a,b € Z. There exists, however, a unique factorization of the ideal (6) in “ideal” prime factors.
These prime factors are non-principal ideals. The factorization refines the two factorizations above:

(6) = papsps .

Indeed, one has, on the one hand that p3 = (2) and p3p} and on the other that pop3 = (1 + /=5)
and papy = (1 —v=5).

Finally we will apply Theorem 5.3 to the (-function (r(s) of a number field F. First we
consider the (-function of Riemann (G.B. Riemann, German mathematician 1826-1866):

=1
Z v for s € C with Re(s) > 1.

L. Euler (Swiss mathematician who lived and worked in Berlin and St. Petersburg, 1707-1783)
found an expression for {(s) in terms of an infinite product:

C(s) = H (1—;)_1: H (1—1p_5> for s € C with Re(s) > 1.

p prime p prime

Important remark: If we say that a product []a; converges then we mean that the sum
> log(a;) converges in the usual sense, and then of course we take the limit value of the product
to be exp(c) with ¢ = > log(a;). In particular, the fact that we have an expansion of {(s) as an
Euler product implies at once that ((s) does not have any zeroes in C with real part larger than 1.

The proof of Euler’s formula is as follows: let s € C with Re(s) > 1. Observe that

1y-1 111
(1-=) =14ttt
P P
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Since every positive integer can be written as a product of primes in a unique way, we find that
for every X € Ry, we have
141 1
-5 =X
n

p<X

where n runs over the positive integers that have only prime factors less than X. Therefore

=1 1. _ 1
Ea-Io-27< Y wm

p<X n>X

and this converges to 0 for X — oo, as follows from the fact that the sum ) ; 1/n® converges
for x € Ry 1. This implies Euler’s formula.

Definition 6.6. Let F' be a number field. The Dedekind (-function (x(s) is given by
1
Cr(s) =) N()
I#0

where I runs over the non-zero ideals of Op. We see that for F' = QQ the Dedekind ¢-function {g(s)
is just Riemann’s (-function. We will now study for which s € C this sum converges.

Proposition 6.7. Let F' be a number field. Then
1 1 \-1
C S| = —_— = ]_ —
r(s) I%N(I)S 1;[( N(p)s)

where I runs over the non-zero ideals of Or and p runs over the non-zero prime ideals of Op. The
sum and the product converge for s € C with Re(s) > 1.

Proof. Let m be the degree of F' and let s € C with Re(s) > 1. By Prop. 6.4(iii) there are at
most m prime ideals dividing a fixed prime number p. Therefore

1 1
sm Z pReG) sm Z Re(s) 7
p<X n<X

1
‘N(pz)ix N(p)*

where p runs over the primes of O of norm at most X, where p runs over the prime numbers at
most X, and where n runs over the integers from 1 to X. Since the last sum converges for X — oo,
the first sum converges absolutely. Using Exercise 6.D we then find that the product

1 -1
1;[(1‘ Nr)

converges. Now we take s € Ry;. By Theorem 5.3 the ideals I admit a unique factorization as a
product of prime ideals. This implies

2 N(lf)s <II(r- N(L)s)_l

N(IKX p

and since the terms W are positive, we see that the sum converges. Moreover

1 1, 1
DI VS ol RO

1#0 N(p)<X
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which converges to 0 for X — oo. This concludes the proof. O

Exercises

(6.A)

(6.C)

(6.K)

Let F' be a number field and let I be a fractional ideal of F'. Show that there is a positive integer m
such that ml is an ideal.

Show that the ideal I = (2,2i) C Z[2i] is not invertible, i.e., I "'I # R.

Let A be an additively written abelian group, which is free with basis {ex}xrea. Let a1, ag,...,am €
A. Define the integers a;,» by a; = Z/\E/\ a;,nex. Suppose that for all ¢ # j, the sets {\ € A|ay,x # 0}
and {\ € Alaj,x # 0} have empty intersection. Suppose that

m

Zai:NU

i=1
from some N € Zso and v € A. Show that N divides every a; .

Let a; € Ryo for ¢ =1,2,.... Show that Z@ a; converges if and only if Hl(l + a;) converges.
Show that Q% and the additive group of the ring Z[T] are isomorphic as abelian groups.

Let F be a number field of degree n. Show that for every ¢ € Q*, the fractional ideal generated by ¢
has norm ¢".
Let I be a number field. For an ideal I C Of we put ®(I) = #(Or/I)". Show that ), . ®(J) =

N(I) and that ®(I) = N(I) Hp(l — N(p)~'). Here the product runs over the prime ideals p with
ICpCR.

Show that
1 .
Cagiy (8) = zb:Z @)y for s € C with Re(s) > 1.
a;b,eb>0

Show that the prime 2 is ramified in Q(7). Show that a prime p > 2 splits completely in Q(¢) if and
only if p =1 (mod 4). Show that for every prime p = 3 (mod 4), the ideal (p) is a prime ideal of
Z[i).

Show that

C@(i>(5)=(1—21—3)_1 H (1—I%>_2 H (1_1%)_1;

p=1 (mod 4) p=3 (mod 4)
here the products run over prime numbers p that are congruent to 1 and 3 modulo 4, respectively
and s € C with Re(s) > 1.
Show that
Can (8) _ I1(1- x(p)
Cals) . p

where the product runs over the prime numbers p, the complex number s has Re(s) > 1 and the

function y is defined by
1 if p=1 (mod 4),
{ 0 if p=2,
—1 if p=3 (mod 4).

x(p) =
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Chapter 7. Finitely generated abelian groups.

The contents of the first part of this chapter are not of a number theoretical nature but the results
will be very important in the sequel. We determine the structure of finitely generated abelian
groups. We explain the relation between indices of finitely generated free groups and determinants.

An abelian group G is said to be a free group of finite rank if G 22 Z" for some n. The integer n

is then uniquely defined; it is called the rank of G.
For integers a and b, the notation a|b means that a divides b.

Theorem 7.1. Let G be a free abelian group of rank n and let H C G be a subgroup.
(i) The group H is free of rank m < n.

(ii) There exists a Z-basisey, ..., e, of G and integers ay, ..., an, € Zsq such that ay|az|- - |ay, and
such that aqeq,...,amen Is a basis for H. These integers a,. .., a,, are uniquely determined
by H.

Proof. Choose an isomorphism G = Z". We may assume 0 # H C G. Consider Hom(G,Z),
the group of homomorphisms p: G — Z. Note that, via the chosen isomorphism G = Z" we get
Hom(G,Z) = Hom(Z",Z) = Z". Concretely: to a = (a1,...,a,) € Z™ we let correspond the
homomorphism f,: Z"™ — Z given by (x1,...,2Z,) — a1 + -+ + apTy.

Since H # 0 there exists a homomorphism ¢ € Hom(G,Z) and an element h € H such that
@(h) > 0. Now consider the set

{¢(h) | ¢ € Hom(G,Z),h€e H} C Z,

and let a; be the smallest positive integer in this set. Further choose an element h € H and a
homomorphism 9: G — Z such that ¥ (h) = a;.

We claim that a; divides ¢(h) for every ¢ € Hom(G,Z). To see this, let d = ged (a1, ¢(h))
and take integers u and v with ua; + vp(h) = d. This means that d = (ut) + vy)(h), where we
note that uy) + vy is again in Hom(G,Z). Since 0 < d < a1, it follows from our choice of a; that
d = ay. Hence a; divides ¢(h), as claimed. In particular, a; divides all coordinates of h. Hence we
can define e; = ih € G. We see that ¢(e1) = 1 and we claim that

G=7Z- e ®ker(y), (1)
H=7-aje; ® (ker(y) N H). (2)

The first decomposition says that every element x € G can uniquely be written as x = re; + y for
some r € Z and y € ker(¢), and indeed, this holds with r = ¢(z) and y = x — rey. If x € H then
Y(z) € Z - a1 by definition of a1, and then y € ker(y)) N H.

For a subgroup K C G, let p(K) be the maximal number of linearly independent elements
in K, or, what is the same, the dimension of the Qsubspace of G ® Q = Q" spanned by K. (A
posteriori, p(K) is of course nothing but the rank of K.)

Now we prove (i) by induction on m = p(H). If p(H) = 0 then H = {0} (since G has no
elements of finite order), and the claim is trivially true. If m > 0, we can decompose G and H as
above. It follows from (2) that p(ker(¢) N H) < p(H). By induction it then follows that ker(¢)) N H
is free, and consequently H is free as well. This proves (i).

Part (ii) is proved by induction on n. If n = 0 the statement is trivially true. If n > 0 then
ker(¢)) is free, by (i), and by (1) its rank is n — 1. Hence we can apply induction, and we find that
there exist a basis es, ..., e, for ker(¢) and integers as|ag|--- |a,, such that ases, ..., ane,, is a
basis for ker(¢)) N H. But then it is clear from (1) and (2) that ey, e, ..., e, is a basis of G and that
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a1€1, ag€a,. .., Umem is a basis of H. We further need to show that a; divides as. If m = 1 then
there is no as and the assertion is void, so we may assume m > 1. Consider the homomorphism
¢: G — Z given by x1e1 + - -+ xpe, — x1+ 2. We see that a1 = p(arer) € ¢(H). Now p(H) C Z
is an ideal, and by our choice of a; it follows that a; is the smallest positive integer in p(H ). Hence
¢(H) =7 ay. But also as = ¢(azes) € ¢(H); hence aq|as, as required.

We leave it to the reader to prove that the a; are unique. O

Corollary 7.2.
(i) For any finitely generated abelian group A there exist unique integers r > 0 and a1, as,...,a; €
71 satisfying aq|as|---|a; and such that

AZZ" X L] L x -+ X L] .

(ii) For any finite abelian group A there exist unique integers ay, as, . . . ,a; € Z~1 with the property
that ay|as|---|at, such that
A2Z[aZ X -+ X L]a 7.

(i) Let G = Z™ be a free group of rank n and let H C G be a subgroup of G. Then H has finite
index in G if and only if rk(H) = rk(QG).

Proof. (i) Let A be a finitely generated group and let n be an integer such that there is a surjective

map
0:2" — A.

By Theorem 7.1 there is a basis e1, ..., e, of Z™ and there exist positive integers a1|az| - - |an, such

that ajeq ..., amen is a basis for H = ker(#). It follows at once that

A2V X L)L X -+ X L] amZ

as required. The unicity of the numbers a; follows easily by considering A modulo a; A for various i.
(ii) This is a special case of (i). (iii) Choose a basis ey, ..., e, of G such that the subgroup H has
basis aieq,..., a4y em- Then

G/H2Z"""™XZ|/GZL X -+ X L]amZ
and clearly rk(H) = rk(G) if and only if n = m if and only if [G : H] = #(G/H) is finite. O

Corollary 7.3. Let M be a n X n-matrix with integral coefficients. Let G = Z™ and let H =
M(G) C G. Then

(i) The index of H in G is finite if and only if det(M) # 0.

(i) If det(M) # 0 then [G : H] = |det(M)|.

Proof. (i) According to Theorem 7.1 we can choose a basis e1, es, ..., e, for G and positive integers
ai|az|- - |ay, such that ajeq, ..., amen, is a basis for H. But then the integer m < n is nothing but
the rank of the matrix M. Combining this with Cor. 7.2(iii) we find

[G:Hj<co © m=n < det(M)#0.

(ii) Assume det(M) # 0. Let f: G — G be the linear map defined by the matrix M, and let
M’ be the matrix of f with respect to the basis ej,..., e, as in (i). Then M and M’ are conjugate
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matrices, so det(M) = det(M’). Further, the matrix
aq 0
a2
0 an,

is invertible and has coefficients in Z, as it represents an isomorphism G — G. We have det(M')
(arag---ay) - det(N). But det(N) = £1 (Exercise 4.M) and ajas---a, =[G : H].

O

Next we apply the results on finitely generated abelian groups to number theory.
Corollary 7.4. Let f € Z[T] be a monic irreducible polynomial. Let « denote a zero and let
F = Q(a). Then the index [OF : Z[a]] is finite and
. 2
Disc(f) = [OF : Z[a]]” - AF.

Proof. Let wy,...,w, denote a Z-basis for the ring of integers of F'. There is then a matrix M

with integral coefficients such that
M(wi,...,wp) = (1,a,02,...,a" ).

Therefore
(det(M))QAF =A(l,q,a?,...,a" 1)

and hence, by Cor. 7.3 and Prop. 3.4(iii)
[Or : Z[o]]"Ar = Disc(f).
as required. 0

Corollary 7.5. Let F' be a number field and let 0 # o € Op. Then the norm of the Op-ideal
generated by « is equal to the absolute value of the norm of «:

N((@)) = [N(a)].

Proof. Choose an integral basis wy,...,w, for Or. Let M, denote the matrix which expresses
the multiplication by a with respect to this basis. Identifying Op = Z" (as groups) via the chosen
basis, we have (a) = M,(OF). Now

IN(a)| = |det(M,)| by definition
= [Op : Ma(OF)] by Cor. 7.3
= #0p/(a) = N((a)) .
This proves the corollary. O

Exercises
(T.A) Let H= (3)Z + (3)Z C Z*. Find a basis of Z” as in Theorem 7.1.

(7.B) Let H in Z? be the subgroup generated by (1,1,2), (5,1,1) and (-1, —5, —3), What is the structure
of Z3/H?
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(7.C)

(7.D)

(7.E)

(7.F)

(7.G)

Let R be a commutative ring. A module over R, or an R-module, is an abelian group equipped with
a multiplication (by “scalars”) R x M — M which satisfies the following axioms:

a(z +y) = ax + ay,
(a+ bz =ax + bz,
(ab)z = a(bx),

lz =z,

for a,b € R and z,y € M.
(i) Show that a module over a field R is the same as a vector space over R.
(ii) Show that every abelian group G is a Z-module with multiplication

np— Tt otz (n times) ifn>0,
Tl —-(@+z+---+x) (—ntimes) ifn <0,

for n € Z and z € G. Conclude that a Z-module is “the same” as an abelian group.

Let R be a commutative ring.

(i) Show that R and, more generally, every ideal in R is an R-module with the usual multiplication.

(ii) Let M and N be two R-modules. Show that the product M x N is an R-module with the
multiplication:

a(z,y) = (az,ay)
fora € R and z,y € R.

Let R be a commutative ring and let M be a module over R. A subgroup N C M is called a submodule
if ax € N for every a € R and z € N, i.e., if N is closed under the given scalar multiplication by
elements of R. Note that a submodule is itself again an R-module for the scalar multiplication
inherited from that on M.

(i) Show that every ideal I of R is a submodule of R.

(ii) Let I be an ideal of R. Show that the quotient R/l is an R-module with the multiplication

a(lz+I)=az+1

for every a € R and coset a + I of 1.
(iii) Let M be an R-module and let N C M be a submodule of M. Show that the quotient group
M/N is an R-module with multplication

a(t+N)=az+ N

for every a € R and every coset © + N of N in M.

Let R be a commutative ring. An R-module is said to be finitely generated, if there is a finite number
of elements =1, T2,...,2: € M such that every m € M can be written as

m = Mz1+ Aex2 + -+ T for some Al,Az,...,)\tER.

(i) Show that the R-module R™ = R X ... X R is finitely generated.

(ii) Show that an abelian group is finitely generated as a group if and only if it is finitely generated
as a Z-module.

(iii) Show: if M is finitely generated and NN is a submodule of M, then N/M is also finitely generated

*(iv) Give an example of a commutative ring R, a finitely generated R-module M, and an R-submodule

N C M which is not finitely generated.

Prove the following generalization of Cor. 7.2: for every finitely generated Z[i]-module A, there exist

a unique integers r > 0 and elements a1, 2, ..., a; € Z[i] satisfying ai|az|- - |a: and such that

A= T[] x Z[i]/(a1) % -+ - x L[i]/(a).

The elements a; are unique up to multiplication by units of Z[i].

44



(7.H) Prove the following generalization of Cor. 7.2: let F' be a field. For every finitely generated F[T]-

*(7.9)

module A, there exist a unique integers r > 0 and unique monic polynomials f1, f2,..., ft € F[T]
satisfying fi|f2|---|ft and such that

A= F[T]" x F[T]/(f1) x - - x F[T]/(f).

Let F' be a field and let n be a positive integer.

(i) Suppose that F" is an F[T]-module. Show that multiplication by T' is given by multiplication
by an n x n-matrix M with coefficients in F.

(ii) Conversely, if M is an n x n-matrix with coefficients in F', then F™ admits the structure of an
F[T]-module, where multiplication by T is given by multplication by M.

(Theorem of Jordan-Holder) Let M be an n x n-matrix with coefficients in C. Show that M is

conjugate to a matrix of the form

0 0 .. ()

where the small “submatrices” have the form

A1 0 0
0 X 1 0
0 0 A 0
0 0 A

for some A € C. (Hint. Turn C" into a C[T]-module by means of the matrix M. Then apply
Exercise 7.H.)
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Chapter 8. Lattices.

This chapter concerns lattices. Lattices are finitely generated groups with additional structure.
Many of the finitely generated groups that arise in algebraic number theory are, in natural way,
equipped with the structure of a lattice.

We show that the ring of integers O of an algebraic number field F' admits a natural lattice
structure. In Chapter 11 we will see that, in a certain sense, the unit group O} admits a lattice
structure as well.

Definition 8.1. Let V be a vector space over R. A subset L C V is called a lattice if there exist
€1,...,en, € L such that
(i) L= Zz Ze;,

(ii) The e; are a basis for V over R.

An easy example of a lattice is the group Z™ contained in the vector space R™. The following
example is very important.

Example 8.2. Let F' be a number field. The image under ® of the ring of integers Op of F in
F@R=R" xC" is a lattice.

Proof. By Theorem 2.6 the map ® maps a Q-base of F' to an R-base of F'®@ R. In particular, every
Z-base of Of is mapped to an R-base of FF®@ R. This implies that ®(O) is a lattice in F@R. O

Proposition 8.3. Let V be a real vector space and let L C V' be a subgroup. Then the following
are equivalent:
(i) L is a lattice.
(ii) L is discrete and cocompact.
(iii) L generates V over R and for every bounded set B C V' one has that BN L < c0.

Note: We say that L is discrete if the topology on L induced by the Euclidean topology on V is
the discrete one; this just means that for every x € L there is an € > 0 such that |z — y| > ¢ for all
y € L\ {z}. We say that L is cocompact if V//L is compact for the quotient topology.

Proof. (i) = (ii) The set L is clearly discrete. We have that V = )" ¢;R and therefore V/L, being
a continuous image of the compact space ), €;[0,1] is compact. In other words, L is cocompact.

(ii) = (iii) Suppose L is discrete and cocompact. If the subspace W C V generated by L is not
the whole of V' then V/W is not compact. But the natural map V/L — V/W is continuous and
surjective, and we get a contradiction with the fact that V/L is compact. Hence W =V. If BCV
is bounded then B N L is a bounded closed subset of V; hence it is compact. But the topology on
BN L is the discrete one, and of course a discrete topological space is compact if and only if it is
finite.

(iii) = (i) Since L generates V over R, there is an R-basis e1, ..., e, of V consisting of elements
of L. The set B =), ¢;[0,1] is bounded and therefore L can be written as a finite union:

L= melLBJmL(x + 21: e ).

We conclude that the index [L : )", e;Z] = m is finite and that mL C ), e;Z. By Theorem 7.1 the

group mL is free and by Cor. 7.2 it is of rank n. We conclude that L is free of rank n as well. This
proves the proposition. O
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Corollary 8.4. Let F' be a number field. The image of a fractional ideal I under ®: F — F ® R
is a lattice.

Proof. Let n # 0 be an integer such that nl is an ideal. Let 0 # m € nl be an integer. We have
that )

m

—Or CIC —0Op.

n n

Since the image of O in F @R is a lattice, so is the image of ¢qOFp for every ¢ € *. We conclude
that " OF is cocompact, hence also I is cocompact. Similarly, we see that %OF is discrete and
therefore also I is discrete. By Prop. 8.3 it follows that the image of I is a lattice. O

Definition. Let V' be a real vectore space provided with a Haar measure. Let L C V be a lattice.
The covolume covol(L) of L is defined by

covol(L) = vol(V/L)
where the volume is taken with respect to the Haar measure induced on the quotient group V/L.

It is easy to see that the covolume of L = ). Zv; C R" is also the volume of a so-called
fundamental domain of V for L:

covol(L) = vol({zyzlz\ivi [0S\ < 1}) i

The only case we shall use is when the vector space V has finite dimension and is equipped
with an inner product (, ):V x V — R. This gives rise to a Haar measure on V. If e1,..., ¢, is
an orthonormal basis then the hypercube [0,1] - e; + - -+ 4+ [0, 1] - e, has volume equal to 1. Unless
indicated otherwise, we shall consider the vector space R"™ with its standard inner product, for
which the basis e; = (1,0,...,0),...,e, = (0,...,0,1) is orthonormal. The corresponding volume
form is of course just dridzs - - - dz,.

Lemma 8.5. Let eq,...,e, be the standard basis of R", provided with the usual Haar measure.
Let M be an n X n-matrix with real coefficients. Let L be the subgroup generated by the image
M(ey ...ey,) of the basis. Then

(i) L is a lattice if and only if det(M) # 0.

(ii) If L is a lattice, then covol(L) = |det(M)|.

Proof. Clearly det(M) # 0 if and only if the vectors M(e1),..., M (e,) span R" and, therefore, if
and only if L is a lattice. This proves (i).
Part (ii) is a standard fact from linear algebra: For any n vectors vy,...,v, € R the paral-
lelopepid {37, Av; | 0 < A; < 1} has volume |det(M))|. O
For instance, the lattice Z - (g) +Z- (’,) € R? has covolume |det((2] _12)| = 4. The next
proposition gives the covolumes of the lattices ®(Or) and ®(I) in F @ R

Proposition 8.6. Let F' be a number field of degree n. Let ry denote the number of distinct
homomorphisms F' — R and 2ry the number of remaining homomorphisms F' — C.
(i) The covolume of the lattice O or rather ®(Op) in F ® R is given by

covol(Op) = 2_”|AF|1/2.

(ii) Let I be a fractional ideal, the covolume of I in F @ R is given by
1/2

covol(I) = N(I)27"2|Ap| ",
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Proof. (i) As usual we identify the 2-dimensional vector space C with R? via z — (Re(z),Im(2)).
In this way we have that F'® R 2 R” and we find that

v1(w1) ... Reygr(wi) Imeg(wr)
B(OF) = p1(ws) ... Reypir(ws) Imyg(ws)
where wy, ... ,w, denotes a Z-basis for Or and the ¢; denote the embeddings F' — C up to complex

conjugation. In the proof of Theorem 2.6 the determinant of this n X n-matrix has been calculated:
det| = | (2i)~"det(pi(«))|
— 9~ T2 |AF‘1/2

and hence, by Lemma 8.5,
1/2

covol(Op) = 27" |Ap|
(ii) Using the notation of part (i), let I # 0 be a fractional ideal in Op. By Exercise 4.A there
exists a non-zero integer m such that mI is an ideal in Op. The ideal mI, being a subgroup of
finite index of the free group OpF, is free of rank n. Let A be a matrix with integral coefficients
such that
w1
ml=A

Wn,
By Cor. 7.3(ii) the absolute value of the determinant of A is equal to [Op : mI] = N(mlI) = m"N(I).
As in (i), we have that

covol(mI) = det (A - ®(Op)) = m"N(I)27" ‘AF|1/2-

By Exercise 8.B we have that covol(mI) = m™ - covol(I), and the result follows. O

Exercises

(8.A) Let L = {(z,y,2) € Z%]2x + 3y + 42 = 0 (mod 7)}. Show that L C R® is a lattice. Find a Z-basis
and calculate its covolume.

(8.B) Let L C R™ be a lattice. Let A be an invertible n x n-matrix. Show that A(L) is a lattice. Show
that covol(A(L)) = |det(A)| - covol(L). Let m € Z~o; show that covol(mL) = m"covol(L).
(8.C) Identify the quaternions H = {a + bi +cj + dk|a,b,c,d € R} with R* via a+bi +cj+dk < (a,b,c,d).
What is the covolume of the ring of Hurwitz integers
ltias
z [l ik, M]
2
in H?
(8.D) Let F be a number field. Suppose R C F is a subring with the property that its image in FF @ R is
a lattice. Show that R C Or.
(8.E) (Euclidean imaginary quadratic rings.) Let F' be an imaginary quadratic number field. We identify
Op with its ®-image in F@ R =C.
(i) Show that Or is Euclidean for the norm if and only if the disks with radius 1 and centers in Or
cover C.
(ii) Show that OF is Euclidean for the norm if and only if Ap = —3,—-4,—7, -8 or —11.
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(iii) For real quadratic fields F' (with F @ R = R?) there is a similar result: the ring O of integers
of a real quadratic field F' is Euclidean for the norm if and only if Ar = 5, 8, 12, 13, 17, 21, 24,
28, 29, 33, 37, 41, 44, 57, 73 or 76. This result is due to Chatland and Davenport [10] and much
harder to prove. The following is easier: show that the rings of integers of the rings of integers
of the quadratic fields F' with Ar = 5,8 and 12 are Euclidean for the norm.

*(8.F) Let L be a free abelian group of rank r. Let Q(z) be a positive definite quadratic form on L.
Supppose that for every B € R there are only finitely many z € L with Q(z) < B. Then there is an
injective map I : L < R” such that (L) is a lattice and |i(x)| = Q(z). Here |Jv| denotes the usual
length of a vector v € R".

(8.G) Let L C R™ be a lattice. Show that

2’I'L

1
lim — - w)EL|v] <t foralll<i<n}= — .
m #{(v1,...,vn) € L||vs| £t foralll i n} covol(L)

t—o0

(8.H) Show that the rings Z[(3] and Z[(4] are Euclidean for the norm. It was shown by H.W. Lenstra [35,36]
that the ring Z[(m] is Euclidean for the norm when ¢(m) < 10 (except for the case m = 16, which
was done by Ojala).
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Chapter 9. Discriminants and ramification.

Any number field F' can be written as Q(a) where « is an algebraic integer. Consequently, the ring
Z[a] is a subring of Op, which is of finite index by Cor. 7.4. In this chapter we investigate under
which conditions Z[a] = Op, or more generally, which primes divide the index [OF : Z[a]]. For
primes that do not divide this index, one can find the prime ideals of Op that divide p from the
decomposition of (f2; mod p) in the ring F,[T"]. This is the content of the Factorization Lemma.

min
Theorem 9.1. (Factorization Lemma or Kummer’s Lemma) Suppose f € Z[T] is an irreducible
polynomial. Let « denote a zero of f and let F' = Q(«). Let p be a prime number not dividing the

index [OF : Z[a]]. Suppose the polynomial f factors in F, [T as
J(T) = ha(T) -+ hyg(T)"

where the polynomials hq,...,hy are the distinct irreducible factors of f modulo p. Let g; € Z[T)
be a polynomial that reduces to h; modulo p. Then p; = (gi(a),p) is a prime ideal of O with
N(p;) = pdee(hs) the primes py, ... ,pg are distinct, and the prime factorization of the ideal (p)
in O is given by

(p) =p1" - py? -

Proof. We first observe that

Zla]/(gi(a),p) = Fp [T/ (hi(T), f(T)) = Fp[T]/ (hi(T)) = Fpacecns -

Let d = [OF : Z[a]]. By assumption, p does not divide d. Let a,b € Z such that ap +bd = 1. We
claim that the map

Or /p; 23 Z[a)/ (g:(@), )

is an isomorphism of rings. (Note that p; is the ideal generated by p and g;(a) in O, not in Z[a].)
To prove our claim we first observe that the map is clearly well defined. It is a homomorphism since
(bdx)(bdy) —bdxy = bdzy(1—bd) = bdxyap for x,y € O and this is 0 modulo the ideal (gi(a),p) C
Z[a]. The map is injective because if bdz € (g;(a),p) then x = (ap+bd)x = apr+bdz € p;. Finally,
the map is surjective since any = € Z[a] satisfies = (ap + bd)z = bdx. We conclude that p; C Op
is a prime ideal of norm pd¢&(¢) Therefore

N([Tpse) = poostestes =
where n = deg(f). On the other hand, we have that

IT¥s =TI (si(),p)* € ().
Since N((p)) = p", we conclude that (p) = ], p;. Finally, the ideals p; are mutually distinct since
(9i(a),g;(a),p) = OF for i # j. This proves the theorem. O

Corollary 9.2. Let F' be a number field. Let « € O be an integral element that generates F
over Q. If p is a prime number that ramifies in F' then p divides the discriminant Ar or p divides

the index [OF : Z[a]]. In particular, only finitely many primes p are ramified in F'.

Proof. Suppose p ramifies and does not divide the index [Op : Zla]]. Let f = f2,, and let
f = 11, hi(T)% be the prime decomposition of f := (f mod p) in F,[T]. By the Factorization
Lemma 9.1, the exponents e; are the same as the exponents that occur in the prime factorization
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of the ideal pOp. Hence the assumption that p is ramified means that there is an index i with
e; > 1. But then the discriminant of f is zero, and since (Disc(f) mod p) = Disc(f) we conlude

that p divides Disc(f). But by Cor. 7.4, Disc(f) = [OF : Z[a]]2 - Ap, and since we have assumed
that pt [OF : Z[d]] it follows that p|Ap. O

Example. Let F = Q(a) where « is a zero of the polynomial f(T) = T? — T — 1. We have seen
in Chapter 4 that the discriminant of f is —23. Therefore the ring of integers of F' is just Z[a].
(Use Prop. 4.8.) By the Factorization Lemma, a prime number p factors in Op = Z[a] in the
same way as the polynomial f(7) = T3 — T — 1 factors in the ring F,[T]. Modulo 2 and 3, the
polynomial f(T') is irreducible; we conclude that the ideals (2) and (3) in O are prime. Modulo 5
the polynomial f(T) has a zero and f factors as T3 —T — 1 = (T — 2)(T? + 2T — 2) in F5[T]. We
conclude that (5) = pspas where ps = (5, — 2) is a prime of norm 5 and pos = (5,02 + 2o — 2) is
a prime of norm 25. The prime 7 is again prime in O and the prime 11 splits, like the prime 5,
into a product of a prime of norm 11 and of one of norm 121. The following table contains this
and some more factorizations of prime numbers. The indices denote the norms of the prime ideals.
Notice the only ramified prime: 23. There are also primes that split completely in F' over Q. The
prime 59 is the smallest example.

Table.

p (p)

2 (2)

3 (3)

5 pspos ps = (@ — 2,5) and pas = (a? + 2a — 2,5)

7 (7)
11 P11P121 P11 = (Oé-l—5,11) and P1o1 = (052 —50é+2,11)
13 (13)
17 p17P2se pi7 = (@ —5,17) and pogg = (a? + 5o — 10, 17)
19 P19P361 P19 = (a 6, 19) and pze1 = (a + 6 — 3, 19)
23 P33Phs p23 = (a —10,23) and phs = (o — 3,23)
59 | paobbobly | Pso = (o —4,59), ph = (o — 13,59) and plly = (a + 17,59)

Proposition 9.3. Let p be a prime and let f(T) € Z[T] be an Eisenstein polynomial for the
prime p. Let a be a zero of f and let F = Q(a) be the number field generated by «. Then

p1 [OF : Z[a]].

Proof. Write f(T) =T™ + an—1T" ' + -+ a1T + ao. By Cor. 7.4 the index d := [Op : Z[a]] is
finite. Suppose p divides d. Consider the ideal I C F,[T] given by

I = {h € F,[T) | there exists a g € Z[T] with (g mod p) = h and g(a) € pOp}
= {h € F,[T] ‘ for all g € Z[T) with (g mod p) = h we have g(a) € pOr} .
Note that this is a well-defined ideal. Further note that I contains (f modp) = T™. Since p
divides the index [OF : Z[a]], there exists an element z € O \ Z[a] such that pz € Z[a]. Write
pT =31, ' b;a’ where the b; are integers, not all divisible by p. This implies that Yo L5, T is a
non zero polynomlal contained in the ideal I and we see that the ideal I is a proper d1v1sor of T™

in the PID F,[T]. But this implies that 7"~! € I, which just means that p divides o™~ 1.
We have the relation

—ag ="+ an_1a" - Faza® + a1
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Now pa divides o™, because we have just shown that p divides a®~!. Also pa divides each term
ajaj for 1 < j < n—1, because p|a;. So we conclude that pa divides ag. Now write by := ag/p. By
definition of an Eisenstein polynomial, by is an integer with p { by. On the other hand, working in
the ring O we have found that p divides o' and that « divides bg. So bg_l/p lies in QNOp = Z.
As this contradicts the fact that p { by, we conclude that p does not divide d. [l

Example 9.4. Let p" be a power of a prime p. Then the ring of integers of Q(Cpn ) is Z[(pn].

Proof. Write ¢ = p™. Clearly Z[(,] is contained in the ring of integers of Q(¢,). By Exercise 3.N,
the discriminant of ®,(T") is a power of p. By Cor. 7.4 we see that the only prime that could divide
the index [Op : Z[(,]] is p. Consider the minimum polynomial

fota(T) = Bg(T) = TE=D" 7 L pE=20"" ™™
It is easy to see that ®,(T" + 1) is an Eisenstein polynomial for the prime p. By Prop. 9.3 we then
conclude that p does not divide [OF : Z[(]]. This completes the example. O

The following two theorems will not be used in the sequel. They are included because they
give complete answers to natural questions and because the proofs can easily be given using only
the theory we have developed so far. Theorem 9.5 is an extension of Prop. 9.3. Theorem 9.6 makes
part of Cor. 9.2 more precise.

Theorem 9.5. (Dedekind’s Criterion.) Suppose « is an algebraic integer with minimum polyno-
mial f(T) € Z[T)| over Q. Let F' = Q(c). For p be a prime number, let fi,...,f, € Z[T] and
€1,...,eq € L1 be such that f=f-...- fs° is the decomposition of f = f mod p into distinct
irreducible polynomials modulo p. Then

p divides the index [OF : Z[a]]
if and only if there is an index j such that e; > 2 and

f(T) =11, £5(1)%
p

f; divides ( ) in I, [T].

Proof. We put

uir) = DT 50

€ Z[T],
and for every index j we define the polynomial F}(T') € Z[T] by

1
fi(T) 5

Fy(T) = fi (1)
=1

Finally we let (@)

1 u(a

Tj = pFJ(a) - fj(a)

“if”: Suppose that f;(T) divides u(T) in F,[T] and that e; > 2 for some index j. Consider

xz = xj. Clearly px € Z[a], but since deg(F};) < deg(f), we have that ¢ Z[a]. To prove that p

divides the index [OF : Z[a]] it suffices to show that z € Op. Consider the ideal I = (fj(oz),p) C

Z[a]. We have that xp = Fj(«) which is a Z[a]-multiple of f;(a) because e; > 2. We have that

zfj(a) = u(a) which is a Z[a]-multiple of f;(«) by assumption. The ideal I is a finitely generated
abelian group. Lemma 3.1(iii) implies that z is integral. This proves the sufficiency.

eF.
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“only if’: Suppose that p divides the index of Z[a] in Op. Consider the F,[T]-ideal J = {h €
F,[T] ‘ %h(a) € Or}. This ideal clearly contains f(T), but, by our assumption on the index, it is
strictly larger than (f). Let ¢ be a generator of J and let j be an index such that

... f(D) .
f;(T) divides in F,[T].
J SO(T) p[ ]
We claim that this index j satisfies the conditions of the theorem. To show this we consider again
1 u(a)
r=x;=-Fjla) = .
J P J ( ) f] (CE)

Since ¢ divides F}, we have that x € Op. We conclude that there exists a monic polynomial in
Z[T] with u(a)/ fj(a) as a zero. Therefore f;(a) divides u(a)™ in Z[a] for some integer m > 1. We
conclude that there exists polynomials hq, hy € Z[T] such that

w(T)™ = fi(T)ha(T) + f(T)ho(T)

and hence that f;(T") divides u(T)™ in the ring F,[T]. Since f;(T) is irreducible modulo p, this
implies that f;(7T") divides u(T") modulo p. It remains to prove that e; > 2. From f;(a)r = u(a)
one concludes that F;a) + fj(a)r = Fja) + u(a) and hence that

_ u(@) + Fj(a)
p+ fila) -

Exactly the same proof as before, now gives that f;(T") divides u(T) + F;(T) modulo p. Therefore
[;(T) divides F;(T') and e; > 2 as required. O

Theorem 9.6. (R. Dedekind 1920) Let F be a number field and let p be a prime. Then p is
ramified in F over Q if and only if p divides Ap.

Proof. We introduce a slightly more general concept of “discriminant”: let K be a field and let
A be a commutative K-algebra that is n-dimensional as a vector space over K. (Note: A(ab) =
(Aa)b = a(\b) for all a,b € A and X\ € K.) In Chapter 2 we have studied the special case K = Q

and A = F' a number field.
On A we define the trace Tr(z) of an element x € A by Tr(x) = Tr(M,) where M,: A — A
denotes the map given by a — xa. For wq,...,w, € A we let
A(wl, cee ,wn) = det(Tr(wiwj))

1<, g€n’

In contrast to what we have seen in Chapter 3 or Exercise 3.L, in general it may happen that
A(wi,...,wy) = 0 even if the w; constitute a K-basis for A. However, if this happens, it happens
for every basis of A: as in Chapter 3, the discriminant A(wy,...,w,) of a basis wy,...,w, depends
on the basis, but whether the discriminant is zero or not doesn’t: the discriminant differs by a
multiplicative factor det(M)? where M € GL, (K) is the matrix transforming one basis into the
other. Using the fact that the non-nullity of the discriminant of a basis does not depend on the
basis, we define the discriminant of A by

A(A/K) = A(wi, .-, wp)

for some K-basis wi,...,wy, of A. It is only well defined up to a element in (K*)2.
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In Exercise 9.H it is shown that for two finite dimensional K-algebras A and B one has that
A(Ax B/K)=A(A/K)A(B/K).

Now we start the proof. Let F' be a number field of degree n and let p be a prime number.
Consider the field K = F, and the n-dimensional K-algebra Op/(p). We are going to calculate the
discriminant of Og/(p). First by reducing a Z-basis of the ring of integers Or modulo p:

A(Or/(p)/Fp) = Ap (mod p).

Next we decompose O /(p) into a product of F,-algebras. Suppose p factors in Op as

() =95 b

By the Chinese Remainder Theorem (Exercise 4.G) we have that

Or/(p) 2 Or/p7* X -+ x Op/py?

and hence that
A(Or/(p)) = A((Or/pT")[By) -+~ A((Or /pg?) [Fy) -

By Exercise 2.QQ the discriminant A(F,/F,) is non-zero for every finite field extension F, of F,.
This shows that p does not divide Agr whenever p is not ramified.

To show the converse, it suffices to show that A((Or/p¢)/F,) = 0 whenever p divides p and
e > 1. Let therefore e > 1 and put A = Op/p® and let m be an element in p but not in p?. Then 7
is nilpotent. Since it is not zero, we can use it as the first element in an [F,-basis w,...,wy of A.
Clearly 7w; is nilpotent for every w; € A. Since a nilpotent endomorphism has only eigenvalues 0,
we see that the first row of the matrix (Tr(w;w;)), <ij<n 15 zero. This concludes the proof of the
theorem. O

Results such as the preceding Theorems can be used to develop faster algorithms (i.e., faster
than the one described in the Appendix to Chap. 4) to compute the ring of integers and the
discriminant of F'. For more details about such algorithms, see for instance the book A course in
computational algebraic number theory by H. Cohen.

Exercises

(9.A) Let F = Q(a), where a is a zero of the polynomial T° — T'— 1. Show that the ring of integers of F'
is Z[a]. Find the factorizations in Z[«a] of the primes less than 10.

(9.B) Let d be a squarefree integer and let ' = Q(v/d) be a quadratic field. Show that for odd primes p
one has that p splits (is inert, ramifies) in F' over Q if and only if d is a square (non-square, zero)
modulo p.

(9.C) Let (5 denote a primitive 5th root of unity. Determine the decomposition into prime factors in Q((s)
of the primes less than 14.

(9.D) Show that the following three polynomials have the same discriminant:
T% — 18T — 6,
T° — 36T — 78,
T° — 54T — 150.
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(9.E)

*(9.F)

Let a, 8 and «y denote zeroes of the respective polynomials. Show that the fields Q(«), Q(8) and Q(7)
have the same discriminants, but are not isomorphic. (Hint: the splitting behavior of the primes is
not the same.)

Show that Z[¥/20, v/50] is the ring of integers of F' = Q( ¥/20, ¥/50). Show there is no a € O such

that Or = Z[a].

(Samuel) Let f(T) =T° + T? — 2T + 8 € Z[T]. Show that f is irreducible.

(i) Show that Disc(f) = —4 - 503. Show that the ring of integers of F = Q(«) admits 1,a, 8 =
(a® — a)/2 as a Z-basis.

(ii) Show that OF has precisely three distinct ideals of index 2. Conclude that 2 splits completely
in F over Q.

(iii) Show that there is no a € F' such that Or = Z[a]. Show that for every a € Or — Z, the prime
2 divides the index [OF : Z[o]].

*(9.G) Let m € Z>o. Let K be a field, let A be the K-algebra K[T]/(T™). Compute the discriminant of A.

*(9.H)

Let K be a field and let A and B be two finite dimensional K-algebras. Show that A(A x B) =
A(A) x A(B).
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Chapter 10. The Theorem of Minkowski.

In this chapter we prove the most important finiteness results of algebraic number theory. We
prove that the class group of the ring of integers is finite. This result is due to to P. Lejeune
Dirichlet (German mathematician, 1805-1859). We will prove it by means of techniques from the
“Geometry of Numbers”, a subject created by Hermann Minkowski (German mathematician, 1864—
1909) [41,42]. For a very thorough discussion of the geometry of numbers and its history see the
book by Lekkerkerker and Gruber [34].

Theorem 10.1. (Minkowski’s convex body theorem) Let V' = R™ be a real vector space and let
L CV be a lattice. Let X be a bounded, convex, symmetric subset of V. If

vol(X') > 2"covol(L)
then there exists a non-zero vector A € L N X.

Proof. Consider the measure preserving natural map
X = V/2L.

Since covol(2L) = 2"covol(L) we see that vol(X) > vol(V/2L). Therefore there are two points
x1 # x9 in X which have the same image in V/2L. In other words x; — 25 € 2L. We conclude
that 0 # y = (x1 — x2)/2 € L. By symmetry we have that —z5 € X and hence, by convexity, that
y=(r1—x2)/2 € X. So0# y € X NL as required. O

In the proof of the following lemma, we will calculate a certain volume. This will be useful in
the proof of Theorem 10.3.

Lemma 10.2. Let ry,ry € Z~q and put n =ry + 2rs. For R > 0 put
W(ri,ra,R) = {(z1,..., &, Y15, Yr,) E R xC™ \ lz1]| 4+ |zr |+ 2ly1 ] + - + 2]yr, | < R}

Then ra R"
vol(W (r1,r2, R)) = 2™ (g) ’

Proof. The proof is by induction with respect to n. If ry =1 and ro =0 and if r; = 0 and 75 = 1,
the result is easily verified. We will next discuss the two steps 1 — r1 + 1 and re — ro + 1.
Caser; — 11 + 1:

n! -’

R
VOl(W(T‘l + 1,7’2,R)) = / VO](T‘l,T'Q,R - \t|)dt
-R

—on (g)” %/_?R — )" dt

R
_ 27‘1+1 (E)m l/ t"dt
2 n! Jo

:27'1-|-1 (E)T‘g R’I’L+1
(n+1)!°

2
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Caserg — 19 + 1:

vol(W(ri,ro + 1,R)) = e vol(ry,ra, R — |2|)du(z)
|2I<R/2
2 [ R/2 e ]
= 21 (IV* 2 (R - 20)"pdpd
/0 /0 (2) i p)"pdpdg
w2 1 (R (R—t)dt
oo (DY 2 [ 0T
m (2) n!/o 2 2
r (TN Rn+2
=2 (3) m+2)
This proves the lemma. O

Theorem 10.3. (H. Minkowski) Let F be a number field of degree n. Let r1 denote the number
of embeddings F' — R and 2rs the number of embeddings F' — C. Then every non-zero ideal 1
of Of contains an element x with

N@)| < 2 (é) |Ap|'N(D).

n" \m

Proof. We view the ideal I via the map ®: Op — VF as a lattice in Vp = R™ xC™. By Prop. 8.6(ii)

the covolume of I in Vr is
covol(I) = 2_”2N(I)|AF‘1/2 .

For any positive real number R we put
X(R) = {(x1,--, T, Y15 s Yry) ERT X C? | |2a| + - + |2y | + 2lya| + -+ + 2|y, | < R}

Using the triangle inequality one easily verifies that X (R) is a convex, symmetric and bounded set.
By Lemma 10.2 its volume is given by

vol (X (R)) = % (g) 2m

From Minkowski’s convex body Theorem 10.1 we conclude that if

1/2 (1)
then there exists a non-zero element x € I N X(R). Since for every R the set X(R) is bounded,
and since the set I N X (R) is finite, it follows that there is a vector = € I such that = € X(R) for
every R satisfying (1). Since X (R) is closed for every R, this vector x is also contained in X (Ry)
where Ry satisfies the equality
Ry

n!

R" (j)” 2" > 2" .27 N(I)|Ap|

n! \2

(5)" 2 =2 2N ()| ap|?.

57



By Prop. 3.2(iii) and the arithmetic-geometric-mean-inequality (Exercise 10.D), we have that

IN(@)| = |- |z | - lyal? - [y |

<(Wﬂ+-“+hmJ+ﬂwl+“-+ﬂwJ>"

n

i (7)) N

nm n® \mw
as required. O

Corollary 10.4. Let F' be a number field of degree n.

(i) We have
n 2
n" .
arl > (5

(ii) We have |AF| > %. In particular, ‘AF| > 1 whenever F # Q.
(iii) Every ideal class contains an ideal I with

|N(I)| < n (é) 2 ‘AF‘1/2'

n® A\
(iv) The class group Cl(OF) is finite.

Proof. (i) It follows from the multiplicativity of the norm (Prop. 6.2) that for every ideal I and
x € I, one has that ‘N(w)| > N(I). Combining this with Theorem 10.3 gives (i).
(ii) One verifies (by induction) that n™ > 2"~ 1n! for all n > 1. It follows from (i) that

el (5) ()7 s e (3 -5

(iii) Let ¢ be an ideal class. Every ideal class contains an integral ideal, so we can pick an
integral ideal .J in the inverse of the class c. By Theorem 10.3 there exists an element z € .J with

-1 nl my=" 1/2
NI < = (Z) |Ap[L/2,
Since the ideal z.J~! is integral and in ¢, the result follows.
(iv) By Prop. 6.3(iii) there are only a finite number of prime ideals of a given norm. Therefore,
for every number B, there are only a finite number of integral ideals of norm less than B. The
result now follows from (iii). O

The cardinality of the class group Cl(Op) is called the class number of Op, or of F. It is
denoted by
hrp = #Cl(OF) .

The expression

nt (é)” AR

n" \mw
associated to a number field F', with the usual notations, is called the Minkowski constant associated
to F. Although n!/n™ =~ e~"+/2mn, it grows rapidly with the degree n of F.
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The estimate in Cor. 10.4(i) can be drastically improved when the degree n is large. We only
mention the most recent asymptotic estimates, i.e., when n — oo, since these are the easiest to
state. Using Stirling’s formula is is easy to see that Cor. 10.4(i) implies that

9 i
1/n e‘m 4\
2> (F) (7)
> (5.803)(1.273) = .

Using the Dedekind (-function (r(s) of the number field F' and especially its functional equation
(see Chapter 13) these estimates were improved by A.M. Odlyzko in 1976:

(4%67)6%,

(22.37)(2.718) = .

|AF|1/n >
P

Here v = 0.57721566490153 . .. is Euler’s constant:

n

= i (327 - toa(r).

Odlyzko’s estimates are even better if the truth of certain generalized Riemann hypotheses
(GRH) is assumed. See Serre’s Note [48] and Poitou’s Bourbaki talk [44] for more details.

1/n r1

> (8me”)(e¥)™  (GRH)
> (44.76)(4.810)  (GRH).

|Ar]

J. Martinet [39] exhibited an infinite number of totally complex fields F' (i.e., fields with ro = 0),
with ‘Ap‘l/n\ — 23/2114/5234/5 = 92.37.... This indicates that Odlyzko’s bounds are close to
being optimal.

Odlyzko’s methods can be used to obtain estimates for discriminants of number fields of finite
degree as well. This has been done by F. Diaz y Diaz, who published his results in a table [14].

Minkowski’s Theorem can be used to calculate class groups of rings of integers of number fields.
In the next section we will give some elaborate examples. Here we give two small examples.

Examples. (i) Take F = Q(«) where « is a zero of the polynomial f(7") = 7% —T—1. In Chapter 4
we have calculated the discriminant Ap of F. We have that Arp = Disc(f) = —23. It is easily
verified that the polynomial 7% — T' — 1 has precisely one real zero. So r; = 1 and 7o = 1. The
bound in Minkowski’s Theorem is now

' (4
3 (2) 33 ~ 1.356042.
33\«
Therefore, by Cor. 10.4(iii), every ideal class contains an integral ideal of norm less than or equal
to 1. This shows, at once, that the class group of F' is trivial. (By Exercise 10.R the ring of integers
Z[a] is even Euclidean!)

(i) Take F = Q(v/—47). By Examples 4.4 and 4.7 the ring of integers of F' is Z[*4=""] and

the discriminant of F' is Ar = —47. Since r1 = 0 and 79 = 1 we find that the Minkowski constant
is equal to

21 /4

— | = | V47 =~ 4.36444 .

22 \ 7
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Therefore the class group is generated by the prime ideals of norm less than or equal to 4. To
find these prime ideals explicitly, we decompose the primes 2 and 3 in Op. Let a = H'f‘/__u.
Then o? — o + 12 = 0. By the Factorization Lemma (Theorem 9.1) we see that (2) = pop, where
p2 = (2,a) and p,) = (2, — 1). Similarly (3) = psps where ps = (3,«) and p; = (3, — 1).
We conclude that the only ideals of O of norm less than 4.36444 are Op, pa, b, b3, ps, 3, p%,
and poph. Therefore the class number is at most 8.

Since (2) = pop), the ideal classes of py and p), are each others inverses: p) ~ p5*. Similarly
ph ~ pgl. We conclude that the class group is generated by the classes of p and ps.

In order to determine the class group, we decompose some principal ideals into prime factors.
Principal ideals (3) can be factored, by first factoring their norm N(3) € Z and then determining
the prime ideal divisors of (3). For the sake of convenience we take elements /3 of the form f = a—k
where k € Z is a small integer. By Exercise 2.F we have that N(3) = N(k — a) = k2 — k + 12.

We find

Table.
k B= | N(B) =k>—k+12 (B)
@ | 1| 1-a | 12=22.3 P>k
G) | 2 | 2—a | 14=2-7 papr
(i) | 3 | 3—a | 18=2-32 php32
(IV) 4 4— 24 = 23 -3 p23p3
v) | 5| 5—a | 32=2° p°

From entry (i), we see that the ideal class of p)°p} ~ (1) is trivial. The relation implies that
Ps~pyt

We conclude that the class group is cyclic. It is generated by the class of py. We will now
determine the order of this class. The second entry tells us that p; ~ p; ' and is not of much use
to us. Relation (iii) implies that
2
P2~ p3.

Combining this with the relation obtained from the first entry of our table, gives at once that
p5 ~ 1.

This relation can also be deduced directly from entry (v) of the table. It follows that the class
group is cyclic of order 5 or 1. The latter case occurs if and only if the ideal ps is principal. Suppose
that for a,b € Z the element v = a + b(1 + /—47)/2 € OF is a generator of py. Since the norm of
po is 2, we must have that

2 = N(p2) = [N(7)| = a® + ab + 12b°.

Writing this equation as (2a + b)? + 47b% = 8, it is immediate that there are no solutions a,b € Z.
We conclude that po is not principal and that CI(Q(\/ —47)) ~ 7./5Z.

Corollary 10.6. (Ch. Hermite, French mathematician, 1822-1901) For any integer A, there are
only finitely many number fields F', up to isomorphism, with |Ar| = A.

Proof. Let A € Z. By Cor. 10.4(ii) there are only finitely many possible values for the degree n of
a number field F' with Ar = A. There is, therefore, no loss in assuming that the degree n is fixed.
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Let F' be a number field of degree n and discriminant A. Claim: there exists an element o € Op
with F' = Q(a) and such that |p;(a)| < 1+ +/]A[ for all embeddings ¢;: F — C.

Let us first show how the theorem follows from this claim. If « is as in the claim, we have
F = QT)/(f) with f = f&,, = f§.,- The complex zeroes of f are ¢;(a),...,¢,(c), and by
assumption these are bounded in absolute size by 1+ /JA[. Since the coefficients of f can be
expressed as symmetric polynomials in the zeroes ¢;(«), it follows that there is a number b(n, A) €
R0, depending only on n and A, such that all coefficients a; of f have |a;| < b(n,A). On the
other hand, a € OF, so all coefficients a; are integers. It follows that there are only finitely many
possibilities for f and therefore, up to isomorphism, for F'.

To prove the claim, consider the bounded, symmetric and convex box B in F ®gR = R" x C™
given by

{(@1,. . @) | 1] <1+ /|A] and |a;] < 1 for i # 1} if r; >0,
B—

{1, Ty try) | Re(z1)| <1, Im(z1)| < 1+ +/|A] and |z;| < 1fori#1} if ry =0.

It is easily checked that the volume of B is n™~1(1 4+ /|A]) if r1 = 0 and 27772 (1 4+ /|A])
otherwise. In each case vol(B) exceeds 2"covol(Op). By Minkowski’s Theorem 10.1, there exists
0 # a € Of such that

(I)(a) = (‘101(0‘)7 <o Py (a)’¢r1+1(a)7 <o Pridrs (a)) €B.

Since a # 0, we have that N(a) > 1. Since ®(a) € B, we have that |p;(a)] < 1 for all 7 > 1. We
conclude that |p1(a)| > 1.

It remains to be shown that F = Q(a). By Prop. 3.2, f§,.(T) = [1/_1(T — ¢i(a)) equals
(f&)™ with m = [F : Q(a)]. We claim that ¢;(a) # ¢;(a) for any ¢ > 2. This is immediate
if 11 > 0, for in that case all p;(«) with ¢ > 2 have absolute values strictly less than |p1(a)|. If
r1 = 0, only ¢,,+1(a) = ¢1(a) has the same absolute value as ¢ (a). But, if ¢,+1(a) = p1(a),
then ¢1(a) would be in R and hence |¢1(a)| = |Re(p1(a))| < 1, which leads to a contradiction.
Hence ¢4 () is a zero of f§, of multiplicity 1, and from this we conclude that m = [F : Q(a)] = 1.

So indeed F' = Q(«). This proves the claim and finishes the proof of the corollary. O

Exercises
(10.A) Show that Q(+/86) has class group isomorphic to Z /10Z.
(10.B) Show that Q(v/—163) has trivial class group and the closely related fact that

™13 = 262537412640 768 743.999 999 999 9992 . . .

is “almost” an integer.
(10.C) Compute the structure of the class groups of Q(v/—30) and Q(v/—114).
(10.D) Show that the class group of Q(a) where a is a zero of the polynomial 7% + T — 1 is trivial.
(10.E) Compute the class group of F = Q(v/101).
(10.F)

10.F) Prove the arithmetic-geometric-mean inequality: let a1,...,an € Ryo then

)1/n< air+ ...+ an
{————.

(a1-...-an -

The equality holds if and only if a1 = ... = ay.(Hint: let A = @ Show that e 2! > 4 for
every i, with equality if and only if a; = A.)
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(10.G) Show that the class group of ((11) is trivial.

(10.H) Let f(T) € Z[T)]. Show: if Disc(f) =1, then f(T) = (T — k)(T — k — 1) for some k € Z.

(10.I) Show that the ring Z[(1 4 v/19)/2] is not Euclidean, but admits unique factorization.

(10.J) Find all solution X,Y € Z of the equation that we encountered in the introduction: Y? = X? —19.
(10.K) Prove Stirling’s Formula:

n

_ 12
n! = n"e "V2rne?/ 12"

for some 0 with 0 < 8 < 1.

(10.L) Show that the Diophantine equation Y> = X® — 5 has no solutions X,Y € Z. (Hint: show that the
class group of Z[v/—5] has order 2.)

*(10.M) Show that for every number field F' there is a prime that is ramified in F over Q.
*(10.N) Let F be a number field. Show that if
I 74\
n_n (—) |Ap|"? <2
n” \7

then the ring of integers Or is a Euclidean for the norm |[N(z)|. (Hint: Let x € F @ R. Show, using
the notation of the proof of Theorem 10.3, that the set X (R)U (X (R)+z) with R = n has a volume
which is larger than 2"covol(Or). Show that it contains a lattice point.)
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Chapter 11. The Theorem of Dirichlet.

In this chapter we prove Dirichlet’s famous Unit Theorem. Just as in the previous chapter, this
will be done by means of Minkowski’s techniques. Dirichlet’s original proof (1863) exploited the
so-called “box principle”. Note: if we speak about units in a number field F' then we mean elements
in O}..

We introduce modified absolute values |z| on R and C:

R.
el ={ b o

|z|2, on C.

Definition. Let F' be a number field of degree n with r; embeddings ¢;: F — R and 27y remaining
embeddings ¢;: F — C. Let the homomorphism ¥ be given by:

v:0p — R +r2
e (log[1 (&), - - -, 10g[@rs 4 (E)]) 5

where @1, ..., ¢, denote the real embeddings and ¢, 41,...,¢r, +r, denote a set of mutually non-
conjugate complex embeddings.

Theorem 11.1. (P. Lejeune Dirichlet) Using the notation above:
(i) The kernel of ¥ is finite and equal to pp, the group of the roots of unity of F.
(ii) The image of VU is a lattice in the space

H = {(‘T17"'7'T7‘1+7‘2) € er+r2 |le :0}7

which is of codimension 1 in R 172,

Proof. (i) Let {( € ur be a root of unity in F. Then there is an integer n # 0 such that (" = 1.
This implies that n¥(¢) = 0; hence ¥(¢) = 0. This shows that the roots of unity are in the kernel.
Next we show that the kernel of ¥ is finite. This implies that ker(¥) = up.

For any ¢ € ker(¥) we have that |p(¢)| = 1 for all embeddings ¢: F — C. Viewing O via
the map ® of Chapter 2 as a lattice inside the vector space F' ® R, we see that the kernel of ¥ is
contained in the bounded set B of points (Z1,...,Zp ,Y1s---,Yr,) € R x C2 for which

|z;] <1 for1<i<r,
lysl <1 for1<i<rs.

Example 8.2 implies that BN ®(Op) is finite and therefore that ker(¥) is finite as required.
(ii) Let B be any bounded set in R *"2. Let B’ C R" "2 be the box

{($17---7xr1+r2) | |z, <R forl<i<m —I—rg},
where R is so large that B C B’. The elements € € O}. that have ¥(e) € B’ satisfy

0:(e)] < exp(R), for real embeddings ¢;;
PRENS L exp(R/2), for complex embeddings ;.

Viewing Op via ® as a lattice in F' @ R, we see that the elements ¢ € O} that satisfy ¥(e) € B’
are in a bounded box in ' ® R. Therefore there are only finitely many such € and a fortiori there
are only finitely many elements in B’ N ¥(0}.). We conclude that U(O}.) is discrete.
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By Exercise 4.E, every unit ¢ € O}, has N(¢) = £1. Therefore

ri1+ra

1=N@|= ]I le@I= ]I lo@I.

o:F—C

This easily implies that ¥(O%) is contained in the subspace H C R 1"z,

To complete the proof, we must show that ¥(O}) spans H. This will be done by invoking two
lemmas that will be stated and proved after the proof of this theorem.

Let 1 < ¢ < ry+7r9. By Lemma 11.2 there exist non-zero integral elements x1, 3, x3,... € O,
such that |N(z;)| is bounded by 1/|Ar|+ 1 and

loi (@)l > @i ()] > | (xs)| > - forall j #i.

By Prop. 6.3(iv) there are only finitely many ideals in Or with bounded norm. This implies that
the collection of principal ideals {(z)} . 18 finite. Therefore there exist at least two indices j < j'
such that (z;) = (x;). We define the unit ¢; by

By construction, ¢; satisfies
lojea)l <1 forall j #i.

Consider the matrix with entries a;; = log|g;(e;)| where 1 < 4,5 < r1 + ro. It satisfies a;; < 0
whenever ¢ # j and it satisfies 3 a;; = 0. Therefore Lemma 11.3 implies that any (r; +r2 —1) x
(r1 472 —1)-minor is invertible. This implies that the rank of (a;;); ; is r1 +r2 —1 and the theorem
is proved. [l

Lemma 11.2. Let F' be a number field of degree n. Let ¢1,..., ¢, denote the different homor-
phisms F — R and ¢, 41,--.,%9r, +r, the remaining, pairwise non-conjugate embeddings F' — C.
Then there exists for each index 1 < i < r1 + 19 a sequence of integers oy, ag, as,... € Op — {0},

with [N(e;)| < v/|Afr| + 1 and
loj(en)] >l (a)] > [ej(as)] > -

for all indices j # i.

Proof. Let 7 be an index with 1 < ¢ < r; + ry. The existence of the o; is proved by applying
Minkowski’s theorem to boxes that are “thin” in every direction except in the direction of the
i-th coordinate. In this direction the box is so large that its volume is larger than 2"covol(Op).
We will contruct the integers a; € Op inductively. We take a; = 1. Suppose that ai,...,
have been constructed. Let 8; = 1|¢;(ay,)| for j # i and let 3; € R be defined by the relation

Hjﬁj:\/M'i'l'

Consider the box
B = {(Q}l,... ,xr1+r2) ER™ x C | ".’133” < ,Bj for all j # 7,} .

This is a bounded, symmetric and convex subset of R"* x C™2. It has volume

1 ri1+ra
vol(B) = [[28;) [ (=) =2"a" <\/|AF|+1>
Jj=1 j=ri+1
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which is easily seen to exceed 2”272 /|Ap| = 2"covol(OF).

By Minkowski’s Theorem 10.1, there is a non-zero element x in B N Op, where as usual we
view O as a lattice in the vector space R™ x C™2 via the map ® of Chapter 2. We take a1 =
and we verify that

ri+ra r1+72
IN(ams)l = [] lejlams)l < ] 85 = VIAFI+1,
j=1 j=1

lj(ams1)l < B; = %Ilw(am)ll < [gi(am)l
This proves the lemma. O
Lemma 11.3. Let (a;5);; be an m x m-matrix with real entries. Suppose that
a;; <0 when 1 # j,
Za"j >0 for all 4.
J

Then (a;;); ; has rank m.

Proof. Suppose that the rank of (a;;); ; is less than m. Then there is a non-trivial relation
>; Aiai; = 0 with not all A; € R equal to zero. Suppose Ay has the largest absolute value of the A;.
Since we can multiply the relation by —1, we may assume that Ay > 0. We have that Ay > \; for
all indices 7. Therefore Apa;, < A;a;, for all indices ¢, including ¢ = k. Taking the sum over 7, we
find

m m m
0< )\kZaik = Z)\kaik < Z)\iaik =0.
i=1 i=1 i=1
This contradiction proves the lemma. O

Corollary 11.4. Let F' be a number field with precisely r1 distinct embeddings F' — R and 2ry
remaining embeddings F' — C. Let ur be the group of roots of unity in Of. Then

(i) There exist a set of so-called fundamental units €1,. .., 4r,—1 € OF such that
Nopr o —
O = {¢efr - g T | (€pp and ni,...,Npqr—1 €L}

(ii) There is an isomorphism of abelian groups
Ok =2 (Z)wpZ) x Z" 7+
where wg denotes the number of roots of unity in F'.

Proof. By Theorem 11.1(ii) we can choose r; + 79 — 1 units ¢; in O} such that the vectors ¥(e;)

span the lattice ¥(O3%,). For an arbitrary unit u € O} there exist integers nq,...,np, 4r,—1 such
that

‘P(u) = nl‘y(el) + nT1+T'2—1‘y(€T1+7‘2—1)
By Theorem 11.1(i) we see that ue™™ -...- sr_ﬁf;;_rzfl is in the kernel of ¥ and therefore a root of

unity. This proves (i). Part (ii) follows from the fact that the roots of unity are algebraic integers
and form a cyclic group. O
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Definition 11.5. Let F' be a number field of degree n and let ¢, ..., ¢, +r, be the homomorphisms
F' — C as in Definition 2.5. The regulator Rr of F' is defined to be

‘det(10g||‘Pj(€i)")i,j ’

where €1,...,&p, 4r,—1 are a set of fundamental units and the ¢; run over the homomorphisms in
the set {p1,...,©r +r, } €XCEPL ONE.

The regulator R of a number field F' is well-defined, i.e., it does not depend on the homo-
morphism ¢; that one leaves out. We shall first discuss some concrete examples; after that we give
another description of the regulator, from which it will be clear that it is well-defined.

Example 11.6. Consider the field F = Q(v/d) where d € Z~o We have that r; = 2 and ry = 0.
It follows from Dirichlet’s Unit Theorem that the unit group O} is larger than {£1}. It is easy to
see that ¢ = X + YVd € Op for some X,Y € Z is a unit if and only if N(¢) = X2 — dY? = +1.
Therefore, at least when d = 2,3 (mod 4), Dirichlet’s Unit Theorem implies that the Diophantine
Equation

X?—dY?=+1

has non-trivial solutions X,Y € Z, i.e., solutions different from the ones with Y = 0. This equation
is usually called Pell’s Equation. It is by no means obvious to actually find these non-trivial
solutions.

For instance, when d = 94, the smallest solutions are X = 2143295 and Y = 221064. Equiv-
alently, the unit group Z[\/9_4]* is generated by —1 and ¢ = 2143295 + 221064v/94. Hence
the regulator of Q(\/Sﬂ) equals 10g(2143295 + 221064\/9_4) ~ 15.271002. (Note that if we set
¢ = 2143295 — 221064+/94 then ¢ - ¢’ = 1, by construction, so the logarithms of £ and ¢’ have the
same absolute value.)

Example 11.7. Consider the field F = Q(v/257). We have r; = 2 and ry = 0. Since F admits
embeddings into R, the group of roots of unity in F' is {£1}. By Dirichlet’s Unit Theorem we
therefore have that

Op = el x {£1}.

We will determine the class group Cl(Of) and the unit group of O together. By Example 4.4, the
ring of integers of F' is equal to Z[a] where a = (1 + /257)/2. By Example 4.7, the discriminant
of F' is 257. Minkowski’s constant for F' is easily calculated to be equal to

2!

55 V25T = 8.01.
The minimum polynomial of « is easily seen to be f(T) = T? — T — 64. We first substitute a
few integers n into f. In order to obtain small values of f(n), we choose n close to the zero
(14 +v/257)/2 = 8.5 € R See Table L.

Since none of the numbers f(n) is divisible by 3, 5 or 7, we conclude that f has no zeroes
modulo 3, 5 or 7. By the Factorization Lemma 9.1, we conclude that the ideals (3), (5) and (7) are
prime in Op. Therefore, the only primes having norm less than 8.01 in Op are the prime divisors
po and p) of 2. From the Factorization Lemma we deduce that ps = («,2) and p) = (o — 1, 2).

Since the classes of py and p, are inverse to one another in the class group, we conclude that
the class group of OF is cyclic. It is generated by the class of py. From entry (iv) or (v) of the
table, it is immediate that

p3 ~1
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Table I.

n B | fln)=N(p) (8)

(i) 5 a—5 | —44=—4-11 | p,)’p,
(ll) 6 a—=6 -34=-2-17 popi7
(lll) 7 a—"1T -22=-2-11 9'21311
(iv) 8 a—38 -8 =-23 P23
(v) 9 a—9 g =23 p,>
(Vl) 10 a—10 26=2-13 Pahis
(Vii) 11 a—11 46 =2-23 p’2p23

and we see that Cl(Op) is cylic of order 3 or 1. The class group is trivial if and only if po is
principal. If po were principal and v = a + b(1 + v/257) /2, with a,b € Z would be a generator, we
would have the following equation:

+2 = N(y) = a® + ab — 64b°.

This Diophantine equation is not so easy to solve directly, so we proceed in a different way. We
will need to know the unit group O% first.
From the 4th and 5th line of the table we deduce the following decomposition into prime ideals:

(= 8)(a = 9)) = p2’ps’

Since we also have that (8) = po3p,°, we see that the principal ideals ((a—8)(a—9)) and (8) are

equal. Therefore their generators differ by a unit ¢ € Op. Taking norms, we see that N(¢) = —1
and we conclude that ¢ # £1. We find, in fact, that
—8)(a—9
e = (O‘)s# = —2a+17 =16 — V/257.

However, it is not clear that ¢ is a fundamental unit in the sense of Dirichlet’s Unit Theorem. It
could be that there is another unit 4 € O% such that ¢ = +u”* form some k > 2. The absolute
values of |1 (g)| and |@2(e)| are 32.0312... and 0.0312... respectively. If ¢ = +u* for |k| > 2, we
would have that |p1(u)| < v32.04 < 5.7 and |p2(u)| < v0.0312 < 0.18.
Therefore u is contained in the intersection of the lattice ®(Or) C F @ R = R x R with the
box
{(Il,CL'Q) € R? ‘ |z1| < 5.7 and |z2| < 0.18}.

By drawing a picture it easily checked that this intersection contains only the number 0 and we
conclude that u cannot exist and that € and —1 generate the unit group O%. Therefore, the
regulator of F is [log(v/257 — 16)| ~ 1.5055735.

Suppose the class group Cl(Op) is trivial. Then we have that ps = () and by entry (iv) of
the table that 42 = u(a — 8) for some unit u € O%. Here v is only determined up to a unit and,
consequently, the unit v is only determined up to a cube of a unit. Since —1 is a cube, we may
assume that

73 =k (a - 8) for some k € Z.

This implies that for every ideal I C O, which is prime to ps, we have that

a-8=¢c*  in (Op/I)*/N
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where N C (Op/I)* is the subgroup of cubes, i.e., N = ((OF/I)*)3. We test this modulo the ideal
I = (5)p13. Here p13 = (13, — 10) = (13, @ + 3) as in the table above.
By the Chinese Remainder Theorem we have the following isomorphism of groups

(Or/D)*/((OF[1)")? 2 i3/ (Fi5)® x 5/ (Fs5)* 22 Z/3Z x Z/3L.

The last isomorphism is obtained as follows. We first observe that raising to the 4th power induces
an isomorphism
IF*{3/(IFI3)3 —r i3 = {1’ 3’9} - FTS

and then we choose an isomorphism Z/3Z = ps, for instance by mapping = to 3”. Similarly, raising
to the power 8 gives an isomorphism

[==3

F;5/(F;5)3 —r M3 = {17 —Q, a2} C F2k5 -

Here we used that a®? —a +1 =0 (mod 5), so that —a is a primitive cube root of unity. The map
x + (—a)”® gives an isomorphism uz = Z/37Z.

We want to test whether the image of o — 8 in Z/3Z x Z/3Z under this isomorphism is a
multiple of the image of ¢ = —2«a + 17.

First we compute the image of @ — 8: modulo pi3 it is congruent to —3 — 8 = 2. Raising
this to the 4th power gives 16 = 3, which maps to 1 € Z/37Z by our choice of the isomorphism.
Modulo 5, we have that @« — 8 = a+ 2 € Fo5 = F5(a). To compute its 8th power, we observe that
a?—a+1=0 (mod 5), so that @+ a =1 and @a = 1. Here @ = o’ is the conjugate of a over F.
We find

(@+2)% = (a+2)(a+2)5(a+2)?
= (a+2)(@+2)(a? + da + 4)
=(ca+2a+a)+4)(a—1+4a+4)
=(142+4)(-1+4)=1.

Since 1 maps to 0 € Z/3Z, we find that the image of @ — 8 in Z/3Z x Z/3Z is equal to (é)

The computation for € = —2a + 17 is entirely similar. We leave it to the reader. The result is
that the image of ¢ is (i) Since this vector is not a scalar multiple of ((1]), we conclude that o — 8 is
not of the form w3 for any unit u € O}. Therefore the class group is not trivial and hence cyclic
of order 3.

We close this chapter by giving another description of the regulator. Let F' be a number field
of degree n. In Chapter 2 we have defined the map ®: F' — F ® R, and we have seen that it realizes
the ring of integers OF as a lattice in F"®@ R = R”. If we provide R” with the usual inner product
then we have seen in Prop. 8.6 that the covolume of Of equals 2772 . ‘A F|1/ ®. So we get a direct
relation between O viewed as a lattice and the discriminant Ap.

Earlier in this chapter we have seen that the map ¥ gives an embedding of O}./ur as a lattice
in the hyperplane H C R *"2, On H we consider the inner product induced by the standard inner
product on R"*72_ Then it seems natural to ask whether the covolume of this lattice has any
significance. The following proposition shows that, up to a factor, this covolume is precisely the
regulator.
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Proposition 11.8. The covolume of ¥(O}) in the hyperplane

H = {(xh""xﬁ-i-?‘z) € R ‘ in = 0}

equals \/r1 + 12« Rp. In particular, the regulator Rr does not depend on the homomorphism ;
that one leaves out in Def. 11.5.

Proof. Write ¢t = r1 + r2. As usual, let ¢1,...,¢,, be the real embeddings F' — R and let
Ori+1s- -+ Pr+r, De a collection of mutually non-conjugate complex embeddings. Let €1,...,64_1
be a collection of fundamental units.

Consider the vector & = t~1/2.(1,1,...,1) € R'. Tt is a vector of length 1, perpendicular
to the hyperplane H. Hence the covolume of the lattice ¥(O3,) in H equals the covolume of the
lattice spanned by the vectors &, ¥(e1),..., ¥(g;—1) in RY. By Lemma 8.5(ii) this covolume equals
the absolute value of the determinant of the matrix

t™Y2 pi(e1) wi(e2) 0 pile-1)
t™2 pa(er) pa(e2) 0 pa(ei-1)
t_.l/Q <Pt(.51) Sot(‘52) ‘Pt(é;t—l)

In Def. 11.5 of the regulator R, let us choose ¢; to be the embedding that is omitted. Now
consider row number j of the above matrix. Add each of the remaining rows to it; this does not
change the determinant. Since 2221 vi(ex) = 0 for every k the resulting matrix has the form

t=1/2 ei1(e1) v1(e2) -+ p1(e—1) \
72 piii(er) pi-1(e2) o @ima(ee-1)
t1/2 0 0 0

Y2 piii(er) wisale2) o @igi(Ee-1)
=12 gy(er) oi(e2) - pil(Ee-1)

and we readily find that the absolute value of its discriminant equals t*/2- Rp = \/r1 + r2- Rp. O

In some sense the factor 272 that appears in Prop. 8.6(i) and the factor 1/r1 + 72 that appears
in the above are “experimental errors”. The problem is that we have made a fairly ad hoc choice
for the measure on the vector space R (resp. on H C R"*72), There is a more canonical choice of
metrics for which the covolume of Or in R* would come out to be exactly |Ax|'/? and for which
the covolume of O} /pp in H comes out to be exactly Rp. We shall not go into this here.

Exercises
(11.A) Show that the unit group of the ring of integers of Q(v/5) is generated by the “golden ratio”

(14 +/5)/2.
(11.B) Compute the units of Q(v/229) and of Q(v/19).
(11.C) Show that if the rank of the unit group OF% of a number field F' is 1, then [F': Q] =2, 3 or 4.
(11.D) (Pell’s equation.) Show that for every positive integer d the equation

X2 —dy?*=1
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has solutions X,Y € Zo.

(11.E) Let f(T) € Z[T] be a monic polynomial all of whose roots in C are on the unit circle. Show that
all roots of f are roots of unity.

(11.F) Let n € C be a sum of roots of unity. Show that if |n| = 1, then n is a root of unity.
(11.G) Show that Q(v/2)* and Q( ¥/2)* are isomorphic abelian groups.
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Chapter 12. Examples.

In this chapter we illustrate the theory of the preceding chapters by means of three elaborate
examples.

Example 12.1. Let ¢(T') € Z[T] be the polynomial
g(T) =T+ T%+ 5T — 16.

It is easily checked that g has no zeroes in Z. By Gaufi’s lemma it is therefore irreducible in Q[7T7.
Let F be the field Q[T]/(¢(T')) or, equivalently, let F' = Q(«) where « denotes a zero of g(T"). We
will calculate the ideal class group of the ring of integers of F.

As we will see below, most of our information about the arithmetic of F' will be deduced from
the values of g at the first few small integers. Therefore we begin our calculation by computing a
table of the values g(k) at the integers k& with —10 < k < 9. The contents of the last column will
be explained below.

Table I.
k gk) | (a—k) k g(k) (a—k)
(] o —2¢ p3 () | -1 =37 pap7
(i) | 1 —32 py> (xii) | -2 ~-2-3-5 P2p5hs
(iii) | 2 2.3 paps (xiii) | -3 =7 p7

(v) | 3 5.7 psp5 (xiv) | —4 —2%-3.7 p3papy

v) | 4 22.3.7 p2php” ((XV; -5 —3-47

(vi) 5 3.53 xvi —6 —2-113
(vii) | 6 | 2-7-19 | paprpig (scvii) =7 -3:5-23 papsp2s
(viii) | 7 3137 (xvii) | -8 —23.32.7 p3ps°ny

(ix) | 8] 23-3:5% | p3p3ps? (xix) -9 —1709
x) | 9 839 (xx) | =10 | —2-3-7-23 | popsp¥phs

For instance, the fact that none of the values ¢(0),g(1),g(2),...,g(10) is divisible by 11 implies
that g has no zeroes modulo 11. Therefore it is irreducible in Fy; [T] and we have another proof
that g is irreducible in Q[T].

Next we determine the discriminant of F. By Exercise 3.H the discriminant A(1,a,a?) can
be computed in terms of the sums p; of the ith powers of the roots of ¢g. Using Newton’s relations
(Exercise 3.I), these can be expressed in terms of the symmetric polynomials s; = —1, s =5 and
s3 = 16 in the roots of g(7'). We have

Po = 3,

p1 =81 =—1,

p2 = —289+p1sy =—2-5+ (1) (=1) = -9,

ps =383 +p2si —pi1s2 =316+ (—=9) - (—1) — (—1) - 5 =62,

Pa = —454 + p3s1 — pasa +pi1sg=—4-04+62-(=1) —(=9) -5+ (-1) 16 = —33.

This gives us

3 -1 -9
A(l,a,0?) =det | -1 -9 62 | = -8763 = —3-23-127.
-9 62 -33
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Since 8763 is squarefree, the discriminant Ap is, by Prop. 4.8, equal to —8763, and the ring of
integers O is equal to Z[a].

It is easily verified that the polynomial g(7") has precisely one zero in R. Therefore r; = 1 and

ro = 1. We conclude that Minkowski’s constant is equal to

34 8763 = 26.4864 . ..

337
This implies that the class group of Op is generated by the classes of the prime ideals of norm
less than or equal to 26. By Prop. 6.4, the prime ideals of Og all occur in the factorization of the
principal ideals (p) of O, where p is an ordinary prime number.

With the aid of the values of the polynomial g(7) at the first few integers, given in Table I
above, we easily find the zeroes of ¢ modulo p for the first few prime numbers p. As g has degree 3,
this gives us the factorization of g(7') modulo p. Using the Factorization Lemma 9.1, it is then
easy to obtain the factorizations of the ideals (p) in the ring Op:

Table II.
P (p)
2 papa | p2=(a,2) and ps = (@® + @ +1,2)
3 p%p% P3 = (Oé-|-1,3) and pg: (a_1a3>
5 pspas ps = (a+2,5) and pos = (a® — a + 2,5)
T pprpt | pr=(a+17), p7 = (a—3,7) and p7 = (a +3,7)
11 (11)
13 (13)
17 (17)
19 P19Pss1 P19 = (@ —6,19)
23 P33Phs P23 = (a4 7,23) and p53 = (a + 10,23)

Now we explain the contents of the third column of Table I. For k € Z one has that g(k) =
N(k — ) and hence that |g(k)| is the norm of the principal ideal (k — ). Using these norms and the
explicit descriptions of the prime ideals of O, given in Table II, it is easy to find the factorization
of the principal ideals (k — «).

For instance, since g(4) = 84 = 22 .3 -7, the principal ideal (o« — 4) is only divisible by prime
ideals with norm 2, 3, 4 or 7. It remains to decide which prime ideals actually occur. Since, by
Table II, we have a — 4 € py but a — 4 & p4 we see that ps divides o — 4, but ps does not. Similarly,
p3 does not divide a — 4, but p5 does. Finally, the only prime of norm 7 that contains a — 4 is p.
We conclude that the factorization of (o —4) is given by

(o —4) = p3phpY .

As we have seen above, the class group is generated by the classes of the prime ideals of norm
< 26. Using the relations that are implied by the factorizations of the principal ideals (a — k), we
can reduce the number of generators of the class group. For example, entry (xx) tells us that

phs ~ (pabspy) ™!,

i.e., the ideals ph; and (papsp¥)~! belong to the same ideal class. This implies that the class of p)s
is in the group generated by the classes of po, p3, and p%. Similarly, entry (xvii) says that

Pog ~ (133135)_1 .
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We conclude that the class group is already generated by the classes of the prime ideals dividing
the primes p < 19. Continuing in this way, we can eliminate many of the generators, each time
expressing the class of a prime ideal as a product of classes of primes of smaller norm.

By entry (vi), we eliminate pjg; by means of the entries (iii), (iv) and (xi) we eliminate the
primes over 7. Entry (xii) implies that ps can be missed as a generator. Since pos ~ p5_1, we see
that pos can be missed as well. The prime pj is taken care of by the relation implied by entry (ii).
Since p§ ~ p;z we don’t need the prime p} either. Finally py ~ pyt.

We conclude that the class group of Op is generated by the class of the prime py. Entry (i)
implies that

P2~ (1).
This shows that the class group is a quotient of Z/4Z.

Further attempts turn out not to give any new relations. This leads us to believe that the
class group is perhaps isomorphic to Z/47Z. To prove this, it suffices to show that the ideal p3 is
not principal. Since, by entry (i) we have that p} ~ p32 ~ p3, this is equivalent to showing that
the ideal p% is not principal.

Suppose p = (7) for some v € Op. By entry (ii) of Table I, we would have that (y)? = (a—1).
Therefore

Vou=a—1 for some unit u € OF.

In order to show that this cannot happen, we need to know the unit group O}, or, at least, the
units modulo squares. By Dirichlet’s Unit Theorem, the unit group has rank ry + ro — 1. Since F'
admits an embedding into R, the only roots of unity in F' are £1. Therefore

Op = {iek}kez

for some unit € € OF.

To find a unit different from +1, we exploit the redundancy in the relations implied by Table I.
Consider the principal ideals generated by (o — 1)(a — 2)* and 9a. Entries (i), (ii) and (iii) of the
table imply that both these ideals factor as

PIP3PS -
Therefore ((a — 1)(a — 2)*) = (9a) and

_ _ 4
N ) Cnl) RN
Ja

is a unit. (In fact, its multiplicative inverse is equal to 12902 + 346a.+ 1227, but we won’t use this.)
Consider the images of € and —1 under the following homomorphism:

O5/(0F)? — (O [p3)* x (Op/p7)* | ((OF /p7)*)? = Z/2Z x Z[2Z
€ — (—1,4) — (1,0)
-1 — (—-1,-1) — (1,1)

1
0

O% modulo squares. Therefore the unit u is, modulo squares, of the form

Since the vectors ( ) and G) are independent, we conclude that € and —1 generate the unit group

u=+e
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for some k € Z. The equation satisfied by « now becomes
+ef 42 =a—1 for some v € Op and k € Z.

Consider this equation modulo ps. More precisely, consider the image in the following group of
order 2:

(O5/p5)" / ((O3/ps)")? .

Since —1 is a square mod 5 and since ¢ = 4 - (—2)? — 2 — 13 = 1 is square modulo p5 as well, the
left hand side of this equation is trivial. The right hand side, however, is congruent to —2 — 1 =2
which is not a square.

We conclude that the equation has no solutions and hence that the ideal class group is cyclic
of order 4.

Example 12.3. (The Number Field Sieve) Let F = Q(v/2). This number field Q(v/2) and its

2512 4 1 into prime factors.

ring of integers have been exploited to factor the 9th Fermat number
See [38]. The discriminant of the minimum polynomial 75 — 2 of /2 is easily seen to be equal
to 50000 = 2%5%. Since T° — 2 is an Eisenstein polynomial for the prime 2 and (T + 2)° — 2 is
Eisenstein for 5, we conclude from Prop. 9.3 that Z[4/2] is the ring of integers of F.

Since the roots of T — 2 differ by 5th roots of unity, there is only one embedding F < R.

Therefore r; = 1 and ro = 2. Minkowski’s constant is equal to

50 (4

5 (—) V50000 = 13.919... .
T

By Cor. 10.4(iii), the class group of F' is generated by the ideal classes of the primes of norm

less than 13.919. We use the Factorization Lemma 9.1 to determine those primes: we already

observed that 75 —2 and (T'—2)® — 2 are Eisenstein polynomials with respect to the primes 2 and 5

respectively. We conclude that both 2 and 5 are totally ramified in F' over Q:

2)=p5 and  (5) =p3.

To find the prime ideals of small norm, we study the decomposition of the other primes p in F.
This can be done in as in Example 12.1, but here we proceed differently. Consider the map F;, —
given by z +— x°. If p Z 1 (mod 5), this is a bijection. This implies that in this case the polynomial
T® — 2 has precisely one zero in F,. In fact,

(p) = Ppbp2py2, if p=—1 (mod 5).
P PpPpa, if p=2,3 (mod 5).

Here p,» denotes a prime ideal of norm p*.

If p =1 (mod 5), the map = — z° is not bijective. If 2 is a 5th power in F}, then T° — 2
decomposes as a product of linear factors modulo p. If not, T° — 2 is irreducible. For instance,
T5 — 2 is irreducible mod 11.

We conclude that for p = 2, 3, 5, 7 and 13 there is precisely one prime ideal (pa, p3, ps5, p7
and i3, respectively) of norm p. These are all the prime ideals of norm less than 13.919. They
generate the class group. In order to determine the structure of the class group, we factor some
elements of small norm.
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Table III.

ple | B=p—qa | N(B)=p®—2¢° (B)

(i) 0 a —2 P2
ii) 1 l—a | -1 (1)
(iii) -1 1+a | -3 p3
(iV) 2 2-«a —-30=-2-3-5 popshps
(V) —2 24+« 34=2-17 poP17
(Vl) 3 33—« 241 Poa1
v) -3 3+a | —245 = —527 ps2py
(vii) 1/2 1-2a | —63=-3%7 p3p7
(viil) | —1/2 1420 | 65=5-13 Pspis

By relation (viii), the ideal py3ps is principal. This implies that

p13 ~p5'

i.e., the ideal class of pi3 is equal to the class of pgl. Therefore, the ideal class group of F' is
already generated by the classes of ps, b3, p5s and py. In a similar way, by considering the relations
(vii) and (iv), we see that Cl(Op) is, in fact, generated by ps and p3. But both these ideals are
principal: it follows form entries (i) and (iii) that they are generated by « and a + 1 respectively.
We conclude that the class group of Op is trivial.

By Dirichlet’s Unit Theorem the unit group OF has rank r; +72—1 =142 —1 = 2. From the
table we obtain one unit o — 1 = /2 — 1. It does not seem easy to obtain independent units with
small absolute values by extending the table further. Therefore we search, by brute force, among
elements of the form = = a + ba + ca? with a,b, ¢ € Z. By Prop. 3.2(iii) one has that

N(z) = (a +bV2 + 0\5/41) ‘a + b2 + Ve

2 i i 2
‘a+b\5/§e4T +c¥/a)e | .

Calculating a few values of N(a + ba + ca?) with |al, |b], |c| < 1, one finds that N(1 —a + a?) = 3.
It follows from the table that
l1-ata® 4 pia2oq
a+1
is a unit.

Example 12.4. Consider the following (randomly selected, Trento, december 1990) polynomial
f(T)=T*"-2T*+3T -7  €Z[).

This polynomial is irreducible modulo 2. This follows from the fact that it is an Artin-Schreier
polynomial, but it can also easily be checked directly. We will study the number field F = Q(«),
where « is a zero of f(T).

First of all we substitute all integers n with —18 < n < 18 in f(7') and factor the result as a
product of prime numbers:
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Table IV.

n | f(n)=Nn-a) n | f(n)=Nn-a)
0 -7 0 -7
1 -5 -1 —11
2 7 -2 -5
3 5-13 -3 47
4 229 —4 5-41
5 11-53 -5 7-79
6 5-13-19 —6 11-109
7 7331 -7 52.7-13
8 5-797 -8 31-127
9 72.131 -9 5-19-67
10 11-19-47 —10 13- 751
11 52. 577 —11 83-173
12 20477 —12 5.7-11-53
13 5 - 5651 —13 19 - 1483
14 75437 —14 52.72.31
15 149 - 337 —15 50123

To evaluate the discriminant of f(7'), we compute the sums p; of the i-th powers of its roots in C
using Newton’s relations (Exercise 3.I):

p1=0
Py = —289 + p181 = -2.24+0=4
p3 =383+ p2sy —p1s2=3-(-3)+04+0=-9
Pa=2ps —3p1 +Tpp=2-4—-04+7-4=236
ps=2p3 —3pa+Tp1 =2-(-9) —3-4+0=-30
P6 =2ps —3p3+Tp2=2-36—-3-(=9)+7-4=127
We have that
4 0 4 -9
0o 4 -9 36
4 -9 36 -30
-9 36 =30 127
which is a prime number. We conclude from Prop. 4.8 that Ap = —98443 and that Op = Z[a].

From Exercise 4.G we deduce that (—1)"> = —1 and we conclude that 7o = 1 and hence that ry = 2.
Minkowski’s constant is equal to

Disc(f) = det = —08443

:—i%v98443 =37.45189... .
By Minkowski’s Theorem, the ideal class group Cl(Op) is generated by the primes of norm less
than 37.451.... In order to calculate the class group, we determine the primes of small norm first.
We see in Table IV that the polynomial f(7T") has no zeroes modulo p for the primes p = 2, 3,
17, 23 and 29. We leave it to the reader to verify that f(7') has no zeroes modulo 37 either. By
the Factorization Lemma we conclude that there are no prime ideals of norm p for these primes p.
It is easily checked that f(T) is irreducible modulo 2 and 3 and that f(T) = (T — 1)(T + 2)(T? —
T + 1) (mod 5). The polynomial T? — T + 1 is irreducible mod 5.
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This gives us the following list of all prime ideals of norm less than 37.45...: the ideals (2)
and (3) are prime and (5) = psp5pas, where ps and py have norm 5 and pos is a prime of norm 25.
The other primes p;, and p;, of norm less 37.45... have prime norm p. They are listed in Table V
and are easily computed from Table IV.

Table V.
ps = (5,a —1) pt = (5,a+2)
pr = (7,) pr=(7,a—2)
pu = (11,a +1) P = (1L, —5)
p13 = (13, — 3) pis = (13, — 6)
p1o = (19,a —6) 1319—(19 a+9)
p31 = (31, + 8) ps = (31, + 14)

The class group is generated by the classes of these primes and the class of pos. There exist,
however, many relations between these classes. In the following table we list the factorizations of
some numbers of the form ¢ — pa, where p,q € Z. We have chosen numbers of this form because
N(g—pa) = p* f(q/p) can be computed so easily. The factorizations into prime ideals of the principal
ideals (¢ —pa) give rise to relations in the class group. For instance N(1—4a) = —2015 = —5-13-31
and (1 —4a) = psp13ps1. This shows that the ideal class of pspisp3; is trivial. Therefore the class
of p31 can be expressed in terms of classes of prime ideals of smaller norm:

P31~ p3 Py -

We conclude that the ideal p3; is not needed to generate the ideal class group. In a similar way
one deduces from Table VI below that the ideal classes of the primes of norm 31, 19, 13 and 11 can
all be expressed in terms of ideal classes of primes of smaller norm.

Table VI.
B N(8) (B)
(i) 4a+1 -5-31-13 Pspi3pPsi
(i) | 3a—2 -31 P31
(iii) a—6 5:13-19 | pspighio
(iv) | 2a—1 -5-19 P5P1
v | a+7 52.7-13 | pi’phpls
(vi) | 3a—5 13 Pl
(vii) a—3 —5-13 pspis
(viii) a+1 -11 P11
(ix) 3a—4 52-11 p’5213/11

We conclude that Cl(OF) is generated by the primes ps, ps, p7, p7 and pas. One does not need
entry (vi) to conclude this, but this entry will be useful later.

The primes of norm 5 and 7 are all principal. This follows form the first few lines of Table I.
Finally, since pspipas = (5), one concludes that pos is principal. We have proved that the class
group of Q(«) is trivial.

By Dirichlet’s Unit Theorem, the unit group has rank r; +ro —1=2+1—1 = 2. The group
of roots of unity is just {£1}. In all our calculations, we have not encountered a single unit yet! To
find units, it is convenient to calculate the norms of some elements of the form a + ba + ca? with

7



a,b,c € Z. This can be done as follows: one calculates approximations of the roots ay, as, as, @z
of fin C:
a1 = —2.195251731...

g = 1.655743097 . ..
a3 = .269754317... £1.361277001...¢

By Prop. 2.7(iii) one has that
N(a+ ba + co®) = (a+ bay + caf) (a + bag + ca3) |a + bas + ca§|2 .

Calculating norms of some small elements of the form a+ba+ca? one soon finds that N(1+a—a?) =
5. This shows that the ideals 1+ o — o? and p§ are equal. In Table IV, we read that py = (o + 2).
We conclude that )
1 —
€1 = % =a®—2a2+3a—14
is a unit. Similarly one finds that N(2—2a+a?) = 65. One easily checks that (2—2a+a?) = pip)s.
In Table VI(vi) we see that pj; = (3a — 5). We conclude that the principal ideals (2 — 2a + o?)

and ((a+ 2)(3a — 5)) are equal. This implies that
2 —2a+a?

3 2
= == 3
€2 Ba—5)(a+t2) a’+ao” +a+

is a unit.

Rather than proving that the units €1, £ and —1 generate the unit group, we merely provide
some evidence for this. We use the main results of the next chapter. We use the (-function of
the field F. Theorem 13.4 gives us an expression for the residue of the Dedekind {-function (p(s)
associated to F' at s = 1. Since the Riemann (-function (g(s) has a residue equal to 1 at s = 1,
one can express the content of Theorem 13.4 as follows

lim CF(S) _ AR (QW)rthRF -
s=1 (o(s) wry/|A|

Using the Euler product formula for the (-functions and ignoring problems of convergence this gives
rise to

0 [ (1 - 57 _ 2 (2n)hp Ry
P (1 — l)_l wry/|Al -

p

We know most factors in the right hand side: ;1 = 2, ro = 1, wrp = 2 and A = —98443. By the
calculation above we have that hp = 1.
Next we calculate more explicitly the factors in the Euler product on the left hand side. For

(55)

plp

a given prime p, the factor is

To determine it, we must find the way the prime p splits in the extension Q C F. Apart from
the ramified prime 98443, there are five possibilities. Using the Factorization Lemma they can be
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distinguished by the factorization of f(T') € F,[T7:

(1) ppppp;’p;”, if f(T') has 4 zeroes mod p,
(ii) pppppp , if f(T) has exactly 2 zeroes mod p,
(p) =< (i) pppps, if f(T) has only one zero mod p,
(iv)  pp2ps if f(T') has two irreducible quadratic factors mod p,
(v) (p), if f(T) is irreducible mod p.

Here p,,, p,2, etc. denote primes of norm p, p? etc. We find that

4
F(p)~' = R
17w Jogaa3 "

P
where 5
1 . .
F(p) = (1 — }—)) in case (i),
1 1
=l1--)(1—— in case (ii),
( p) ( p2> )
_ 1 .
=|1- e in case (iii),
1 1
= (1 + —) (1 - —2) in case (iv),
p p
1 1 1
=|1+-+—=5+—= in case (v).
( p P p3> )

If we assume that the units €1,e9 are fundamental, we can compute the regulator using the two
real embeddings @1, ps: F — R given by a +— a3 and a — as respectively. This gives

1 1 4276192 1.600462
Rp = det ( oglp1(e1)] og|sol(s2)|) %det( 3427619209  1.600462837

~ 14. .
loglpz(e1)|  loglpaz(e2)| —3.752710586 2.479594524) 50597965

So, assuming that the units 1, 5 are fundamental we find that the right hand side of the equation

is equal to
47

V98443

If the units are not fundamental, the regulator is k£ times as small, for some positive integer k. This
would imply that the value 0.5809524077 is replaced by 0.2904762039 or 0.1936508026 or ... etc.
We compute the left hand side by simply evaluating the contribution of the primes less than a

- 14.50597965 =~ 0.5809524077 .

certain moderately large number. A short computer program enables one to evaluate this product
with some precision. It suffices to count the zeroes of f(7T') modulo p. To distinguish between cases
(iv) and (v) one observes that in case (iv), the discriminant of f(7) is a square modulo p, while in
case (v) it isn’t. See Exercises 12.C and 12.D.

Using the primes less than 1657 one finds 0.5815983 for the value of the Euler product. This
is close to the number 0.5809524077 that we found above. In view of the slow convergence of the
Euler product, the error is not unusually large. It is rather unlikely that the final value will be
two times, three times or even more times as small. This indicates, but does not prove, that the
units 7 and g5 are indeed fundamental. To prove that they are fundamental, one should employ
different techniques, related to methods to search for short vectors in lattices.
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Exercises

(12.A) Pick integers A, B,C,D € Z, satisfying |A|,|B|,|C|,|D| < 4 until the polynomial f(T) = T* +
AT® + BT? 4+ CT + D is irreducible. Let a denote a zero of F(T). Determine the class group of
Qa).

(12.B) Determine which of the prime ideals in table IV are in which of the four ideal classes of Or of
example 8.3.

(12.C) Let g be a power of a prime number p and let F, be a field with ¢ elements. Let F, be an algebraic
closure of F, and let ¢:F, — F, be the automorphism given by = +~ z?. Let h € F,[T] be a
polynomial of degree n > 0 which has n distinct zeroes in Fp,. (This last condition just means
that h € F,[T] is a product of distinct irreducible factors, i.e., there does not exist an irreducible
factor f such that f? divides h.)

(i) If a is a zero of h in F,, show that p(a) is a zero of h, too.

(ii) Let {a1,...,an} be the set of zeroes of h in F,. Let o € S, be the permutation given by the
relation p(ai) = a,(;). Note that the conjugacy class of ¢ in S, is independent of the chosen
ordering of the zeroes ;. Now prove that the discriminant A(h) € Fy is a square in F, if and
only the permutation o is even.

(12.D) With the same notation as in (12.C), show that for p = 2, every element = € Iy is a square. If p is
odd, show that = € F} is a square in F, if and only if 2(9=%/? = 1.

(12.E) Determine the class group of the field generated by a zero of the polynomial T* + 3X? + 7X + 4.
(Cf. [37], Chap. 9.)
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Chapter 13. The class number formula.

In this chapter we compute the residue in s = 1 of the Dedekind (-function (r(s) assoctiated
to a number field F. The result involves the class number of the number field and several other
arithmetical invariants that we have studied. It is often called the class number formula.

The Riemann (-function

(=Y ni (s € C, Re(s) > 1)

is not defined for s = 1. In order to study its behavior as s | 1 we consider the partial sums
2521 n~*% for s € Ry; and N € Z~o. We have

and therefore
1

s—1

N
1 1
(1-N%) < Zn— < 1+3_1(1—N1_5).

Multiplying by s — 1 and letting first IV tend to infinity and then s tend to 1, we obtain

[e.e]

1
lim (s — 1) — =
s—)l n

In fact, the Riemann (-function admits a meromorphic continuation to all of C with a single pole
of order 1 at 1, but we will neither prove nor use this.
In this section we generalize this result to the Dedekind (-function (#(s) associated to a number

field F: )
1 1 B
1= sy =1 (1~ w7)

0#£1

for s € C with Re(s) > 1. Here the sum runs over the non-zero ideals of Op. The techniques
will be analytical in nature. See Heilbronn’s article in [9] or Davenport’s book Multiplicative
Number Theory for similar techniques. Like the Riemann (-function, the Dedekind (-functions
admit meromorphic continuations to C with only a simple pole at 1. The limit lims_1 (s — 1){r(s)
which is given in Theorem 13.1, is equal to the residue of (r(s) at s = 1. See Hecke’s Theorem 13.5
for a more complete statement.

Theorem 13.1. (The Class Number Formula) Let F' be a number field and let (r(s) denote its
Dedekind (-function. Then

2m (27[.)7*2 hrRp
lim (s — 1){p(s) =
s—1 wF‘/|AF|'

Here r; is the number of homomorphism F' — C which have their image in R and 2ry the remaining
number of homomorphism F — C. By hp we denote the class number of F', by Rp its regulator,
by Af the discriminant and, finally, by wr the number of roots of unity in F.
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Proof. Let s € C with Re(s) > 1. By Prop. 6.7, the sum

1
Cr(s) =) N

is absolutely convergent. We rewrite it as

Cr(s)= Y. Cels)

CECI(OF)

where

1
Ce(s) = Z .
jee NIr
Let C be an ideal class and let I € C~1. The map J ~ I.J gives a bijection between the class C
and the set of principal ideals («) contained in I. Therefore we can write

1 1
Cols) = Z WZN(I) Z W

(x)CI (a)CI

In order to calculate this sum, we view the ideal I via the map ®: F — F ® R as a lattice in the
R-algebra F @ R =R" x C™.

The units of the algebra F'®R are precisely the vectors that have all their coordinates non-zero.
We extend the map ¥: O3 — R+ to (F ®@ R)*:

U: (R x C2)* — R+

by
‘P(xla sy Tpgy By - - '727‘2) = (log"‘rlua .. 710g"x7‘1 ”’lOg”Zl”? cee log"ZT‘Q ”) )

and we extend the norm N: /' — R to F' ® R by
N(T1y ooy Ty 21se e ey Zry) = 21| |20y | - |22]? - |2 |2 -

The norm is a homogenous polynomial of degree n. Clearly it does not vanish on (F @ R)*.

We choose a basis F for the real vector space R™ 72, Choose a system of fundamental units
€1y-«+sEr+r—1 and apply the map ¥. This gives us r; + ro — 1 independent vectors ¥(g;) that
span the subspace of vectors that have the sum of their coordinates equal to zero. The basis F
will consist of the vectors ¥(e;) plus the vector v = (1,1,...,1,2,2,...,2) that has 1’s on the real
coordinates and 2’s on the complex coordinates.

The proof will be a fairly straightforward consequence of three lemmas that will be stated and
proved after the proof of Theorem 13.1.

Consider the subset I' C R™ x C™ consisting of the vectors x € R™ x C™ such that the
coordinates &; of ¥(x) with respect to the basis E satisfy 0 < & < 1for 1 <i<ry+72—1 and
such that the first coordinate z; of x satisfies 0 < arg(z;) < 3)—7;

If r; > 0, ie., if the first coordinate z; is real, the condition 0 < arg(z;) < 3)—’; should be
interpreted as x; > 0. By Lemma 13.2, we have that

Ce=NIP Y W for s € C, Re(s) > 1.

acInll
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The set I is a cone, i.e. for all x € " and A > 0 also Ax € I". This can be seen as follows: From
U(Ax) = T(\) + ¥(x) = Av + ¥(x)

it follows that, with respect to the basis E, the coordinates of ¥(Ax) and ¥(x) are equal, except
possibly the last. Since A > 0, the argument of the first coordinate of x is also unchanged. This
shows that I is a cone.

The subset Ty = {y € T | [N(7)| < 1} is bounded and has finite volume. Therefore, by
Lemmas 13.3 and 13.4, we have that

. . s 1
lim (s —1)¢e(s) = lim (s — 1)N(I) > N
aclnl’
VOl(Fl) _ N(I)2 s ZRF 272

covol(T) wp  N(I)\/[AF]

We see that the result does not depend on the ideal class C'. Therefore, since there are hp different
ideal classes, we find that

= N(I)

2" Rp
WEA/ |A‘

as required. O

luq(s—lg’p ths—lg‘c()—hp

It remains to prove the three Lemma’s.

Lemma 13.2. Let F' be a number field and let T' C F @ R be the cone defined above. Then for a
fractional ideal I of F' we have that

1
2 @ ~ 2, N

(o )cI a€lnl
(Note that the first sum runs over the principal ideals («), while the second runs over elements a.)

Proof. We show first that (F @ R)x = O} - I': let (x € FF® R)*. Write ¥(x) with respect to the
besis E introduced above.

\IJ(X) = 51\11(61) +...+ 57‘1+7‘2—1\I;(€T1+7‘2—1) + €T1+7‘2v

Define the unit € by
My +r
7'1417'2 : ’

e=¢el"...¢e
where m; denotes the integral part of &. As a consequence, the first ry + ro — 1 coordinates of
U (e7!x) are between 0 and 1.

Next consider the first coordinate y; of e~ !x. Pick a root of unity ( € F*, such that the
argument ¢ of (y; satisfies 0 < ¢ < 27/wp. We conclude that (¢7!x € T and hence that
x € O3 - T as required. Moreover, this representation of x € (F ® R)* is unique: suppose that
ey =g’y for ee’ € O%. and v,7" € I'. Then u = ¢/e’ =~'/y € O} NT. This implies at once that
the first r1 + ro — 1 coeficients of ¥(u) are zero. Since u is a unit, the sum of the coefficients is
zero and therefore the last coefficient is also zero. this implies that u € ker(¥) = pp. Since the
arguments of the first coordinate in F'® R of both  and +' are between 0 and 27 /wp, we conclude
that v = 1 and the unicity follows.

The lemma now follows from the fact that every principal ideal (o) C F ® R has precisely one
generator in I'. Indeed, o € (F ®R)*, so by the above there is a unique unit ¢ such that e« € . O
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Lemma 13.3. Let L be a lattice in R* and let I' C R® be a cone. Let N be a homogeneous
polynomial of degree, that does not vanish on T'. Assume that T1 = {y € T | IN(y)| < 1} is
bounded and has finite volume. Then

lim 1 _ VOl(Pl )

s=1 L= IN(z)® ~ covol(L) °

Proof. Let 1
v(r) = #(;L NIy) =#{z € L:|Nx)| <r"}.

Since T'y is bounded, v(r) is finite. The equality follows from the fact that N(x) is homogeneous of
degree n. By the definiton of the Riemann integral we have that

. 1
vol(T'y) = Tlgglo V(T)COVOI(;L)

and, equivalently
v(r)  vol(T'y)

lim = .
r—oo M covol (L)
Next, we enumerate the vectors xi, xs, X3,...in I' N L:

0 < [N(x1)] < [N(x2)| < [N(x3)| <

and for k > 1 we put

1

k= |N(xg)|"
It is immediate that k& < v(r) and that for every ¢ > 0 one has that v(ry —¢) < k—1 < k.

Therefore n
v(rg —e) (rk —5) < k < v(rg)
(re —e)n Tk n

and letting € — 0 we find that

lim £ = g 20 _ volll'y

k—soo T koo 7P  covol(L)

>0.

It follows that for € > 0 suficiently small and ky € Z sufficiently large, we have for all k > kg

that vol(T'y) 1 1 vol(Ty) 1
(W‘> PEINCATI <covol<L> “) k

and hence for s € Ry that

(20 e 5 <o 5 < (5285 ) e &

k>ko k>ko

Now we let s tend to 1. Using that lims—1 (s — 1) 21 g, 1/k* = 0, and using the fact that the
Riemann (-function {(s) = > ,-; 1/k* has a pole of order 1 at s = 1 with residue 1, we obtain that
for sufficiently small € > 0

vol(T'y) vol(T'y)
Yoy I
covol(L) el Z |N X)) covol(L)

This proves the lemma. O
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Lemma 13.3. Let F' be a number field and let ' C F'® R be the cone defined above. Then
W 2" Rp

e

(ii) Let I be a fractional ideal in F', then the image of I in F @ R satisfies

covol(I) = 27" N(I)/|AF|.

Proof. The set I'; consists of those vectors x = (z1,...,Zr,,Y1,---,Yr,) € (F ® R)*, for which
0 < arg(x;) < m/wp, for which N(x) < 1 and for which O &1y vy &rytro—1 < 1, where the &; are
defined by

VO](Pl) =

\I/(X) = 51‘11(51) +eet £T1+7‘2—1‘1;(5T1+7“2—1) + §T1+7‘2V

It is clear that, if we drop the condition that 0 < arg(z1) < 7/wp, the volume of I'y is multiplied
by wg. If, moreover, we add the conditions that x; > 0 for all real coordinates ¢, i.e., for 1 < ¢ < rq,
the volume is multiplied by 27

2"
vol(T'y) = w—vol{x € (FoR)" ‘O &1,y &m4ro—1 < land zq,...,z,, >0

w1l e |- yall - lyra | < 1}-

We use polar coordinates for the complex coordinates: write z, = ppe’¥* and it is convenient to
work with ,, 1, = pi rather than p,. We find that

21’1 )
VOl(Fl /dwl 'dCL‘r1+,«2_1

where W is the set of vectors x = (z1,... 733r1+r2) € (F @ R)* for which zy,...,2p, 4+r, > 0 and
S Jog () < 0 and for which

log(z1)
: =&6Y(e1) + o+ =1V (Er 4ra=1) + Ery by V
log (2, +r,)
with 0 < &1, 00, & 4r—1 < 1.
Observe that &, 4r,—1 = — >, log(z;). Clearly, the above integral is most conveniently evalu-

ated by integration with respect to the variables &;. So, we make the change of variables according
to the formulas given in the description of the set W. It is not difficult to calculate the Jacobian J
of this transformation. One finds

vol(Ty) = 27 / / / det(I)des - -, 4,

z1log|ei(e1)] z1log|ei(er, 4ry—1) T

where

Lry+ry 10g||<Pr1 +r2 (51)” s $T1+7‘210g"907‘1+7“2 (87‘1+7‘2—1)” 2x7‘1+7‘2
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We conclude that

or1 72 1 1,0
vol(I'y) = RF/ . / / Ny~ eno Tpypp—2d€r ... dEp 4r,
wr 0 0 J-o0
ARY o 0 2o R
=2 Ren / Ay gy =
wp —o0 Wpg
as required. O

Finally, we formulate, without proof, Hecke’s Theorem [26]. (E. Hecke, German mathemati-
cian, 1887-1947). Hecke’s proof is elaborate. It exploits ©-functions and their functional equations.
Later in 1959, J.T. Tate gave a simpler proof, based on harmonic analysis on adelic groups [9,32].
The I'-function I'(s) below, is for s € C with Re(s) > 0 is defined by

I'(s) :/ e_ttsﬂ.
0 t

Theorem 13.5. (E. Hecke, 1910) Let F' be a number field and let (r(s) denote its Dedekind
(-function.
(i) (Euler product.)

for s € C with Re(s) > 1. Here the sum runs over the non-zero ideals of the ring of integers
Op and the product runs over the non-zero prime ideals p of this ring.

(ii) (Analytic continuation.) The function (r(s) admits a meromorphic extension to C. It has
only one pole of order 1 at s = 1. The residue is

2" (2w)"2hpRp
wry/|Al

where the notation is as in Theorem 13.1.
(iii) (Functional equation.) The function

Z(s) = |Apl/ (T(E)n=2) " (T(s)(2m) =)™ Crls)

satisfies Z(s) = Z(1 — s).

(iv) (Zeroes.) The (-function has a zero of multiplicity r1 + ro at each even negative integer —2k.
If F is not totally real (i.e., 7o # 0) then it has a zero of multiplicity ro at each odd negative
integer —2k + 1. At s = 0 it has a zero of order r1 + ro — 1 with leading coefficient of the
Taylor expansion at 0 equal to —hpRp/wr. These are the so-called trivial zeroes. All other
zeroes p satisfy 0 < Re(p) < 1.

Proof. We have proved (i) in section 6. For a proof of (ii) and (iii) we refer to Lang’s book [32].
Part (iv) is a rather easy consequence of the properties of the I'-function [2].

For the case F' = @, i.e., for the Riemann ¢{-function ¢{(s) = {g(s), the results in Theorem 13.5
were all proved by Euler and Riemann. Riemann observed that many zeroes p of ((s) satisfy
Re(p) = 1/2 and conjectured that this is true for all non-trivial zeroes. This is the celebrated
Riemann Hypothesis which is still unproven. Its truth is considered very likely and would have
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important consequences. A very weak version of it was proved by Hadamard and De la Vallée
Poussin in 1899. They showed that Re p # 1 for every zero p of ((s). As an immediate consequence
they deduced the famous Prime Number Theorem [24]:

X
log X~

#{p <X ‘ pis prime} =

The Riemann Hypothesis has been numerically tested [51]: The 3 - 10° zeroes p with |Imp| <
545439823.15. .. all have their real parts equal to 1/2.

The Generalized Riemann Hypothesis is the statement that for every number field F', all non-
trivial zeroes of (r(s) have their real parts equal to 1/2. Needless to say, this important conjecture
conjecture has not been proved either.

There are analogues of the Riemann (-function in algebraic geometry. For some of these
functions the analogue of the Riemann Hypothesis has been proved, e.g. for zeta functions of
curves over finite fields by A. Weil [53] in 1948. This result was extended by P. Deligne [13] to
smooth and proper varieties over finite fields in 1973.

In the introduction we mentioned the recent proof by A. Wiles of Fermat’s Last Theorem. The
most important step in this proof is the proof of an analogue of part (iii) of Theorem 13.5 for the
¢-functions associated to elliptic curves over Q. See the article by Rubin and Silverberg [46].

Exercises
(13.A) Show that the Dedekind {-function of (i) satisfies

. 1y(n-1)/2
Cae) (8)/Cals) = Z %
nodd

Verify, in a straightforward way, Theorem 13.1 for the Dedekind (-function of Q(%).
(13.B) Verify that the set I'1 occurring in the proof of Theorem 13.1, is bounded.
(13.C) The I'-function I'(s) is for s € C, Re(s) > 0 is defined by

I(s) = / e_ttsﬂ.
0 t
Show

(i) for every s € C, Re(s) > 0 one has that I'(s + 1) = sI'(s);
(ii) the I'-function admits a meromorphic extension to C with poles at 0, —1, —2, ... of order 1.
The residue at —k is (—=1)*/k!;
(iii) I'(s)I'(1 — s) = w/sin(nws) for s € C— Z.
*(13.D) Let F, be a finite field with ¢ elements. Let {(s) denote the {-function of the ring F,[T:

C]FQ(T) (S) = Z ﬁ .
10

(Here the product runs over the non-zero ideals I and N(I) = [F,[T] : I].) Show that

1
C]Fq(T)(S) = 1—g¢l-s :

What is the ¢-function of the ring Fy [ X, Y]/(X?4+Y?+1)? (Hint: show that the conic X>+Y?+1 = 0
is isomorphic to the projective line over Fy.)
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number field, 9
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theorem of the, 9



quadratic field, 21
discriminant of, 23, 25
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splitting behaviour of primes, 54
unit group, 25
with Euclidean ring of integers, 48
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resultant, 17, 19
Ribet, 5
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